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Abstract. We derive the quantum Teichmuller space, previously constructed by Kashaev 
and by Fock and Chekhov, from tensor products of a single canonical representation of the 
modular double of the quantum plane. We show that the quantum dilogarithm function 
appears naturally in the decomposition of the tensor square, the quantum mutation opera- 
tor arises from the tensor cube, the pentagon identity from the tensor fourth power of the 
canonical representation, and an operator of order three from isomorphisms between canon- 
ical representation and its left and right duals. We also show that the quantum universal 
Teichmuller space is realized in the infinite tensor power of the canonical representation 
naturally indexed by rational numbers including the infinity. This suggests a relation to 
the same index set in the classification of projective modules over the quantum torus, the 
unitary counterpart of the quantum plane, and points to a new quantization of the universal 
Teichmuller space. 
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1. Introduction 



It was known for a long time that the Teichmiiller space of an oriented surface, with possible 
punctures and boundaries, possesses a canonical Weil-Petersson symplectic form (see pQ, |Wolj ) . 
But only more recently Kashaev [Kl| and, independently, Fock and Chekhov [F], |CF] were able 
to construct a quantization of the classical Teichmiiller space. This quantization was achieved 
thanks to an ingenious systems of coordinates, first studied by Thurston |Thj and Penner jPlj . 
that are based on ideal triangulations of an oriented surface equipped with a hyperbolic metric. 
In the Kashaev variant of the Penner coordinates the canonical Poisson structure has a diagonal 
form and its quantization is given by the Heisenberg algebra 



indexed by the set of ideal triangles /. The Fock-Chekhov quantization can be easily derived 
from Kashaev's via a Heisenberg subalgebra of in a certain basis corresponding to quan- 
tization of Thurston coordinates (see |GuLj ). The key point of the Kashaev and Fock-Chekhov 
quantization is the verification of the consistency of the quantization under the change of the 
ideal triangulations. In the Kashaev approach this consistency follows from a certain projective 
representation of the group Gi with generators dj, tjk, Pjk, where j, k belong to a finite set /, 
with the relations for all j, k,£ € I 



and pjk satisfies the relations of an involution of j,k £ I in the permutation group of the set 
I (here pjk is not to be confused with one of the Heisenberg generator pj as in (jl.ljl ). The 
projective representation of Gi can be viewed as a representation of the central extension Gj 
of Gi with the corresponding generators aj, tjk, Pjk and the central element z satisfying the 
same relations (|1.2|) , (|1.3|) , (|1.5|) , and a modification of (|1.4|) : 

(1.6) tjkajtkj = zafikPjk 

with z represented by the identity times C = e~ 27 "( fc+fc - 1 Z 24 . 

The main ingredient of the Kashaev representation of the group Gi, as well as of the Fock- 
Chekhov construction, is the remarkable function introduced previously by Faddeev and Kashaev 
under the name of quantum dilogarithm [FaKj . Though this function, in different guises, was 
known long time ago [B] , [Shj , it became especially important since the works of Faddeev and 
Kashaev FaK], [Fa] and its central role in quantization of the Teichmiiller spaces |K1] , [K2j . 
[F] , |CF| . In fact the main goal of the Faddeev-Kashaev paper (FaK] was to quantize the Rogers 
pentagon identity for the classical dilogarithm function thus providing a representation of the 
subgroup of Gi with the generators tjk, j, k € I, and the relations (|1.5| . 

Though the representation of the group Gj via the quantum dilogarithm does provide a quan- 
tization of the Teichmiiller space the formulas involved in the construction look ad hoc and 
require further elucidation. In particular, it is well known that the pentagon identity arises 
from an associativity constraint for a tensor category. If the tensor category is also rigid it 
yields in addition a duality constraint which satisfies some additional relations. This leads to a 
natural question: is the representation of the group Gj and therefore the quantum Teichmiiller 
space originate from a special rigid tensor category? In this paper we show that it is indeed the 



(1.1) 



\pj,x k ] = 7 ^, j,kel 



(1.2) 
(1.3) 
(1.4) 
(1.5) 




dktkjClj, 

ajdkPjk, 
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case and the appropriate rigid tensor category comes from the representation theory of a rather 
basic Hopf algebra associated to the quantum plane! The latter is the noncompact version 
of the modular quantum torus and is generated by the four self-adjoint operators X, Y, X, Y 
satisfying the following relations (cf. [Fa] ) 

(1.7) XY = q 2 YX, XY = q^YX, 
where 

(1.8) q = e 7rlb \ q = e^\ b E (0,oo), b 2 £ Q. 

This algebra, denoted by B qq - in this paper, has one natural representation tt in the represen- 
tation space H of the Hciscnberg algebra 

(1.9) \p,x] = ± 
via 

(1.10) n(X) = e- 2vbp , n{Y) = e 27rbx , A = e~ 27rb ~ lp , Y = e 2 ^ x . 
To ensure a nontrivial tensor category we define the comultiplication as follows 

(1.11) AX = X®X, AY =Y ®X + 1®Y, AX = X <g> X, AY = Y ® X + 1 ® Y. 

From (|1.11[) and the counit e(X) = 1 = e(X), e(Y) = = e(Y), the antipode S is uniquely de- 
termined, yielding a Hopf algebra structure on B q q, which can be viewed as the Borel subalgebra 
of the modular double of U q (sl(2, R)). 

The key property of % crucial to our construction is that its tensor square is decomposed 
into a direct integral of irreducible representations equivalent to H. As a result we obtain an 
isomorphism 

(1.12) H®U^M®%, 

where M = HorriB q!l ('H,'H <8> H) is the "multiplicity" space. After an identification of "H and 
M with L 2 (M.) we can express (|1.12[) by a certain integral transform based on the quantum 
dilogarithm function. Then the canonical isomorphism 

(1.13) (Hi®%)®H 3 =Wi®(%®%) 
yields an operator 

(1.14) T:Ml 3 ®Mt 2 ^Ml 3 ®M? 5 , 

which is often referred to as 'quantum mutation operator', and it can be explicitly identified 
using the realization M = L 2 (K). By construction, the operator T satisfies the pentagon 
identity (fl~5j) . 

Another important property of % that we use is isomorphism with the dual representations 

(1.15) H'=H = 'H 

where %' (resp. '%) denotes the dual space with the action of the quantum plane algebra 
defined to be dual to 7r o S (resp. tt o S^ 1 ). The pairing gives the intertwining operators 

(1.16) n'®n^<c, U®"H^<£. 

Then the composition of the operators (| 1 . 1 5|) and (|1.16[) provides the canonical isomorphisms 
(1.17) 

Hom B „JH3,Hi ® H 2 ) = Inv(Hi ®H 2 ® H' z ) s Inv('Hi ®H 2 ® Ha) = Hom B JHi,H 2 ® H 3 ) 
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and yields another operator 



(1.18) 



A : Ml 




which after realizations of Mf 2 and becomes an explicit operator in L 2 (M.). The natural 
requirement that = % is the identity map implies that A 3 = 1 representing (|1.2I) . One 
can also deduce two other relations (ll.3|) and (11.6[) that involve both operators T and A. Thus 
tensor products of a single representation of the quantum plane and its equivalent dual yield a 
faithful representation of the group G/. 

To compare our representation of the group Gi with the original Kashaev projective repre- 
sentation we embed our operator A into a one-parameter family of operators AS m ^ that differ 
from A by the factor e Tr (™- 1 )( b + f ' )v so that A = A (1) . We show that for any m € R, the 
pair of operators T, A^" 1 ) provides a representation of the group Gi with the central element 
z represented by the identity times £ 1-m . Note that the Kashaev original representation of 
Gi by certain explicit operators Tjk, Aj, j,k € I, yields the central extension corresponding 
to m = 0. One of the main results of this paper is the equivalence of our representation of the 
group Gi realized by Tjk , Ay ' , j,k € I and the Kashaev representation. More explicitly, we 
find a unitary operator U in L 2 (M) such that 



Considering unitary transformation of the one- parameter family U 1 A ™ 1 U = Aj we are 
able to extend the Kashaev representation for all values m £ K, of the central extension. 

As soon as we have a representation of Gj we can apply it to quantization of Teichmuller space 
for various surfaces as it was done in the original work |Klj , [F] , }CF] . In this paper we consider 
just a simple example of a disk with n distinguished points on the boundary to illustrate an 
advantage of a representation theoretic approach. Though our quantization of the Teichmuller 
space is equivalent to the one of Kashaev we do not need to use an initial triangulation of the 
surface; the independence of the quantum Teichmuller space on a triangulation is built into our 
construction. 

Moreover, our construction can be generalized to higher rank quantum algebras that are 
the modular doubles of the Borel subalgebras of quantum groups U q Q and can be applied to 
quantization of higher Teichmuller spaces, previously constructed in |FGj . 

We conclude the paper with the quantization of the universal Teichmuller space which can be 
viewed as a limit of the example of a disk with n distinguished points on the boundary when n 
tends to infinity, and we obtain 



It is interesting to note that Q = QU {oo} = r oo \F5i2(^), where is the subgroup of upper 
triangular matrices, also appears as a natural index set in the classification of the projective 
modules for the quantum torus, which can be viewed as a unitary counterpart of the quantum 
plane. This observation leads us to conjecture a new quantization of the universal Teichmuller 
space, discussed at the end of our paper. 

Acknowledgments. H. K. would like to thank Ivan Ip for helpful discussions. The research 
of I. F. was supported by NSF grant DMS-0457444. 



(1.19) 



(U'^U'^TjkiU^U) = T jk , U- 1 Af ) U = A j , i,j € I {i £ j). 



(1.20) 
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2. Quantum dilogarithm 

2.1. Introduction to quantum dilogarithm. We mainly follow Rul, and }Ru2j for technical 
reference for this section; readers should consult those two papers for any omitted details. Fix 
b £ (0, oo) with b 2 ^ Q; we will use the following symbols frequently throughout this paper: 



e"», g = e»» , a = (b + b- 1 )/2, x = ^-(b 2 + b' 2 ), ( = e~* ia '\ 



(2.i) <?(*)=«*(</ ^[ nM ^ru-u, -T.)), \**\<* 



' (1 = l 1 1 - I i (;'■'.. V = 

24 v 

For z 6 C, the symbols SRz and 3z will mean real part and imaginary part of z, respectively. 
Consider the function G defined as 

dy f sin(2yz) z x 

y \2sinh(by) sinli(& — y / 

In the strip \$sz\ < a, the function G is a well-defined (it's not difficult to prove the convergence 
of the integral) analytic function with no zeros in the strip, satisfying the functional equations 

G(z + ib ±1 /2) „ , , I+1 , 

(2.2) 4-^V2) =2COSh(7rb Zl 

By using (|2.2p . G can be analytically continued to the entire complex plane to a meromorphic 
function with simple zeros at 

z ki =ia + ikb + ilb^ 1 , k, I € N = {0, 1, 2, . . .} 

and simple poles at — Zki- This meromorphic function G is actually the unique "minimal" 
solution of (|2.2|) with G(Q) — 1; here "minimal" means lnG(z) is polynomially bounded in 
\Qz\ < max(6, b~ 1 )/2. , i.e. 3c, d > and N G N s.t. 

\\nG(z)\ < c + d\z\ k , Vz e {\Qz\ < m&x(b, b~ 1 )/2}. 

It is easy to see from (12.11) that |G(x)| = 1 for all x <G R, and 

G{z)G{-z) = 1. 

Asymptotic behavior of G is 

(2.3) G(z)e ±(2X+ ^ 22) = l + 0(e- p|s?21 ), Jiz^ioo, p < 2^min(6, 6" 1 ), 

where the implied constant can be chosen uniformly for ?sz varying over compact subsets of R. 
Note that the defining relations (|2.2I) can be written as 

(2.4) G(z + ^6 ±1 ) = ( e ™b ±2 /V b±1 * + e^^e^^G^). 
In this paper, we will take advantage of the following two functions: 

(2.5) S R (z) := G(z - ia)^^- 1 ^ , 

(2.6) S L (z) := G(z - ia)er lx -^ (z - la) \ 

We can find out from (|2.4[) that the defining relations for Sr{z) and Sl(z) are 

(2.7) S R (z + ib* 1 ) = (1 - e-^ b±lz )S R (z), S L (z + ib* 1 ) = (1 - e 2 * b±1 z )S L {z). 

Let p = ^7 so that e ~ 27rb±1 P is the shift operator (by the amount ib ±x ), i.e. e~ 2 * b±lp f{z) = 
f(z + ib^ 1 ). Using this, the above relations for Sr and Sl can be written as 

Observe that the Fourier transform maps z to — p and p to z. Thus, it sends the defining 
relations of Sl exactly to those of Sr. By uniqueness, the Fourier transform of Sl has to 
coincide with Sr up to a constant. Ruijsenaars |Ru2) made precise sense of this: 
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Proposition 2.1. One has 

(2.8) / e 2mzw S R {w)<mw = e- 2lx e- nt/i S L (z), $z,Sw > 0, %z + 3tw < a. 



By taking suitable limits of 3z and in (|2.8[l . we obtain some specializations of (|2.8j) . which 
make sense as functionals on W C L 2 (M.,dx), the space of finite C-linear combinations of the 
functions 

(2.9) e- Ax2/2+Bx P(x), where P{x) is a polynomial in x, and A £ R >0 , B £ C. 

The elements of W rapidly decrease at ±oo, and are analytic; moreover, W is closed under the 
Fourier transform. When dealing with integrals whose integrands have poles on the real line, 
we will modify the contour of integration near the poles, so that the contour takes a detour 
around the pole via a small half circle. To specify whether the small half circle is located above 
or below the pole, we introduce the notation J R ~ du nv , which means the modified contour 
avoids the pole v via a small half circle above v (it could 've been also denoted by J n ~ du); 
similarly, the symbol du Uv will mean that the contour is modified with small half circle below 
v, throughout the paper. When there are multiple poles on the real line, we use combination 
of these symbols, e.g. J R ~ du nviUV2 . 

Corollary 2.2. One has 

(2.10) f e 2lxlxu G{u - ia)e^ u2 e 7rau du n0 = e 2zx e m/i G(x - ta)e~^ V 1 ™" 

(2.11) / e~ 2m G{x - ia)e-^ x2 e-™ x dx n0 = e- 2lx e~ m/A G(u - %a)e** '' e™ u \ 
Jr 

(2.12) / e 2lTiux G(u - ia)e^ u ' 2 e- 7rau du n0 = e^G^e"^ 2 , 
Jr 

(2.13) / G(x)e-^ x2 e- 2mxu dx^e lx G(u-ia)e^ u2 e-' lau , 



as functionals on W , in the following sense: when evaluating on elements of W , we always 
avoid the pole x = of G(x — ia) from above; for example, (12.10)) is in the sense of 

(2.14) 

for functions fix) £ W . 

Proof. By using (|2.3|) . the dominated convergence theorem (applied as Sui \ 0) allows us to 
obtain (|2.8[) (equality as functions) for the case ^sw = (then we need < 3z < a). Then, 
we multiply f(z) — e~ Az +Bz P(z) to both sides of (|2.8[) (for 3w = 0) and integrate w.r.t. 
diz. Using (|2.3p and the decaying property of /, we can prove that the integrands of LHS and 
RHS are both integrable. Hence we can use Fubini's theorem for LHS, to switch the order of 
integration (dWtz and du n0 ). Now, modify the contour on the RHS to (d%tz) n0 ; this is possible 
because we don't hit the pole of G by doing so. Using (|2.3p and the decaying property of / 
and J 7 » z f (inverse Fourier transform of / w.r.t. $tz), we can show that it's possible to use the 
dominated convergence theorem as 3z \ 0, which yields (|2.14[) . Note that the contour for RHS 
shouldn't be modified to (ddtz) u0 instead, because then the contour will hit the pole z — of 
G(z — ia) either when we modify the contour from d$lz to (d3?z) u0 , or when we take the limit 
3z \ 0. 
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Then, (|2.1ip is obtained by Fourier transform applied to (|2.10|) ; putting the Fourier transform 
of f(x) — e~ Ax +Bx P(x) (where P is a polynomial) into the place of / in (I2.14p yields the 
result: 



G{x-ia)e~^ x2 e- 7 ' ax f{u)dudx n0 = / e- 2lx e-™ /4 G(u - ia)e^ u2 e™ u f{u)du 



no 



For (12.12)) : as done above, taking the limit 3u> \ for (|2.8p can be performed without difficulty 
We then proceed as we did to obtain (|2.14j) . to get 

(2.15) f [ e 2mux G(u-ia)e^ u2 e- 7Tau f(x)dxdu n0 = [ e^G^e-^ f(x)dx, 

Jr Jr Jr 

for f(x) = e~ Ax +Bx P(x). Putting the Fourier transform of / into the place of / in (|2.15p 
yields the result for (|2.13l) : 

G(x)e-^ x2 e- 2 ^ xu f(u)dudx^ [ e lx G{u - ia)e^ u2 e -™ u f(u)du n0 . 

Jr 

□ 



Remark 2.3. For the moment, we made sense of Corollary \2.2\ only as junctionals on W 
but not as distributions on usual Schwartz space, because we need the test functions to have 
analytic continuation, since we deal with integrals along contours which are not just real lines. 
However, later in this paper, we will be more general and will treat distributions on a newly 
defined Schwartz space associated to a *-algebra of interest, which replaces the usual Schwartz 
space to suit better for our purposes. See JHH and 1\ 

Woronowicz [Wor proves a formula equivalent to another specialization obtained by taking 
limit as /• a and Qz \ 0. 

Volkov [V] asserts that the "tau-binomial theorem" can be proved similarly as the Fourier 
transform formula (|2.8j) : one specialization of the tau-binomial formula is as follows. 



Proposition 2.4. One has 

[ G(z-v- ia)G{y -z- ia) e -" z{y - v+2w) e- 27raz dz Uynv 

(2.16) « 

= G(y-v~ ia)G{w - la) c _ vi{y+v)w i^. { _ y 2 +v2) a{y+v) 

G(y — v + w — ia) 
as functionals on W ; to be precise, (|2 . 16[) means 

I (I G(y-v + w- ia)G(z -v- ia)G(y -z- ia)e-" z ^ v+2w) e- 27Taz f{w)dw n(v - y) ) dz UyC]v 
Jr \Jr ) 

= J G(y-v- ia)G(w - ia )e~ 7 ' l{y+v)w e^ { ' y2+v2) e- 7ra[ - y+v) f{w)dw n0 ', 
for feW. 

Volkov [V] also asserts that sending w to p — y in (|2.16p yields: 
Proposition 2.5. One has 

(2.17) / G(x-p- ia)G(y -x- ia)e~ 7rix( - y ~ p) e 2 " Tax dx Uynp = 5{y - p)e 7ra(p+a) , 



(2.18) / G(x-p- ia)G(y -x- ia)e 7Tix ^ y - p ^e- 27lax dx Uynp = 6(y - p)e~ 7Ta{p+v \ 
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as Junctionals on W ; (12.18|) is in the sense of 

G{x-p- ia)G{y -x- ia)e" x ^ y -^e- 27rax f(y)dy nx dx np = e - 7ra< - p+y '> f(p), 

for f G W , and similarly for (|2.17p . 

Ruijsenaars [Ru2] proves Proposition 12.51 without using (|2.16|) : see Corollary 12.71 in the next 
subsection. Different people use different versions of the quantum dilogarithm; see Appendix 
A of |Ru2j for details. 

2.2. Quantum dilogarithm integral transformation. Define 

(2.19) £ R (z,w) = e 2 ^ zw S R (z-w), 

(2.20) E L (z,w) = e- 2mzw S L (z-w), 

where S R and Sl are as defined in (I2.5|) and (12.61) . Then it's easy to check 

(2.21) e 2 " b±1 *>*e R (x, y) = (e 2 ^ - e 2 * b±1 y)£ R (x, y), 

(2.22) e~ 2 " b±1 Py£ L (y,x) = (e 2 " b±lx - e 2 " b±1 y)£ L (y,x), 

where p y = §^13^ • As in eq (3.36) of |Ru2j . define the integral transformations T R and 71 by 

(2.23) %:WcL 2 (R,dy)^L 2 {R,dx), cj)(y) [ £ a (x,y)<f>{y)dy Ux , a = R,L, 

Jr 

where W is as in (|2.9p . The integrals are well-defined due to asymptotic property (|2.3p and 
decaying property of 4> £ W. 

A part of principal result of |Ru2) (Theorem 4.3 there) is: 

Theorem 2.6. The transforms Tr and 7l are unitary operators related by 

Tl = U- 

Corollary 2.7. One has 

(2.24) / £ L (y,x)£ R (x,w)dx nwUy =5(w-y)= [ £ R (y,x)£ L (x,w)dx nwUy , 

JR JR 

as functionals on W , in the sense that 

(2.25) J ^£ L (y,x)£ R (x,w)cj } {w)d W lJx ^ dx^ = <j>(y) 

for 4> € W , and similarly for the second equality of (|2.24|) . 

We will study integral transformations slightly modified from Tl,T R - 

3. Modular double of quantum plane Hopf algebra 

3.1. The quantum plane. The quantum plane, the principal object of our study, is the free 
algebra over C generated by two elements X and Y with relation XY — q 2 YX, where 

(3.1) q = e mb2 , be (0,oo), b 2 f Q, 

equipped with a ^-structure given by X* — X and Y* — Y. As explained in [Sc], this algebra 
can be viewed as the coordinate algebra of the 'quantum two-dimensional real vector space'. 
Meanwhile, its unitary counterpart, 'the quantum torus', has the *-structure given by X* = 
X^ 1 and Y* — Y~ x , and can be viewed as the coordinate algebra of the 'quantum two- 
dimensional torus'. 
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Recall that a Hopf *-algebra is a Hopf algebra B over C equipped with a *-algebra structure 
which is compatible with the coalgebra structure, i.e. the comultiplication and the counit are *- 
homomorphisms. A ^-structure on B is a conjugate-linear map * : B — > B such that (it*)* = u, 
(uiu 2 )* = 1* = 1. 

Definition 3.1. (quantum plane) The Hopf * -algebra B q is defined as: 

generators : X ±x , Y 

relations : XY = q 2 YX 

star- structure : X* = X, Y* = Y 

coproduct : AX = X ® X, AY = Y <g> X + 1 ® Y 

antipode: S(X)=X- 1 , S(Y) = -YX- 1 

counit : e(X) = 1, e(Y) = 

and B q is defined as its subalgebra generated by X,Y. 

'B' stands for the 'Borel subalgebra' of U q (sl(2, E)). 
Proposition 3.2. The algebra B q indeed satisfies the Hopf *- algebra axioms. 



We now study a class of operator representations of B q . A class of "well-behaved" represen- 
tations of B q by operators on a Hilbert space is classified in [Sc] ; they are named "integrable" 
representations. If we further require that the operators representing X and Y be positive defi- 
nite, then there exists a unique irreducible representation having these properties up to unitary 
equivalence; this representation is given by the actions 

(3.2) n(X) = e- 2nbp , tt(Y) = e 2nbx , 

densely defined on L 2 (R), where p = (so p, x form a Heisenberg pair: [p, x] — j^), so 

that (ir(X)f)(x) = f(x + ib). 

For the treatment about domain of n, we follow Goncharov's approach [Gj. We first let B q 
act via 7r on the dense subspace W of i 2 (R, dx), as defined in (|2.9[) . Then ir(X),w(Y) are 
symmetric unbounded operators on W. A quick summary of results of [Sc^ is as follows: 

Proposition 3.3. The pair (tt(X),tt(Y)) of positive definite operators given in (|3.2I) defines 
an irreducible "integrable" operator representation of (the *-algebra) B q , i.e. 3k € Z s.t. for any 
Mel, the unitary operators n(X) u , n(Y) ls satisfy 7r(A) i *7r(Y) is = e ^-^b 2 +2irk)ts 1T (Yy s 1 T(X) it , 
and tt(X), ir(Y) have self-adjoint extensions in i 2 (K). Furthermore, such tt is uniquely deter- 
mined up to unitary equivalence. 

3.2. The modular double of the quantum plane. Let q = e^ lb2 , b > 0, b 2 £ Q, as in (|3.1|) . 

For the special complex number q — e 1 " 6 , the two quantum plane algebras B q and B q can be 
put together nicely to form 'the modular double', the notion first introduced by Faddeev ( [Faj ) 
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Definition 3.4. (modular double of quantum plane) The Hopf *- algebra B qq is defined as: 

generators : X ±1 ! Y, X ±x , Y 

relations : XY = q 2 YX, XY = q^YX, 

[X, X] = [X, Y] = [Y, X] = [Y, Y]=Q 

star-structure : X* = X, Y* = Y, X* = X, Y* =Y 

coproduct: AX = X®X, AY = Y ®X + 1®Y, AX = X®X, AY = Y®X + 1®Y 

antipode: S(X)=X~ 1 , S(Y) = -YX~ 1 , S(X) = X~ l , S^^-YX- 1 

counit : e(X) = 1, e(Y) = 0, e(X) = 1, e(Y) = 

and B q q is defined as its subalgebra generated by X,Y, X ,Y . Whenever clear from the context, 
B will denote B qq throughout. 

Remark 3.5. When B is represented as operators on a Hilbert space, we will require X = X x l h 
and Y — Y x / b as operators. 

Proposition 3.6. The algebra B qq - satisfies the Hopf ^-algebra axioms. 

We now let B act on W, by letting X, Y act in a similar manner as in (13.21) . with b replaced 
by Then W is a representation of the ^-algebra B via the action it. Denote by (•, •) the 
inner product of L 2 (R). 

Definition 3.7. The Schwartz space S& for the ^-algebra B is a subspace o/i 2 (R) consisting 
of vectors f such that the functional w H> (/, w(u)w) on W is continuous for the L 2 -norm, for 
any fixed u € B. 

The Schwartz space Sis for the *-algebra B is the common domain of definition of operators 
from B in L 2 (R) (via action w). Given s € Sb and u £ B, since the functional w i— > (/, k(u)w) 
defined on a dense subspace W of i 2 (R) is continuous, by Riesz representation theorem there 
exists a unique g £ L 2 (R) such that (s,ir(u)w) = (g,w) for all w £ W. Let n(u*)s := g; this is 
how elements of B act on <Sg via n. This Schwartz space iSg has a natural topology given by 
seminorms 

N u (f) '■= \ \uf\\L 2 , u runs through a basis in B. 
The key property of the Schwartz space 5g is the following: 

Theorem 3.8. The space W is dense in the Schwartz space 

One can interpret Theorem 13.81 by saying that the *-algebra B is essentially self-adjoint in 
L 2 (R) (via 7r). See [G] for proofs and other details. 

We now define "integrable" representations for the modular double B — B qq : 

Definition 3.9. The quadruple (jr(X), tt(Y), 7t(X), 7r(V)) of positive definite operators on a 
Hilbert space defines an "integrable" representation of (the * -algebra) B, if all of the following 
are satisfied: 

1) the pair (tt(X),tt(Y)) defines an integrable representation of the subalgebra B q , 

2) the pair (tt(X),tt(Y)) defines an integrable representation of the subalgebra Bq, 

3) one has Tr(X) 1 / b = tt(X), Tr(Y) 1 ^ b = ir(Y), and ir(u) commutes with ir(v) for u — 
X, Y and v — X, Y , and 

4) the *-algebra B is essentially self-adjoint (via tt), 

where the subalgebras in 1), 2) are defined by B q = {X, Y) and B q = (X , Y) . 
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Proposition 3.10. There exists a unique (up to unitary equivalence) irreducible integrable 
representation of (the *-algebra) B by positive-definite operators ir(u), u = X,Y, X ,Y , defined 
onH = L 2 (R,dx) by 

Tr(X)=e- 27Tbp , ir{Y)^e 2vbx 1 n(X) = e- 27rb ~ lp , n{Y)=e 2 ^ lx , 

where the common domain of operators n(u) (u £ B) is S B . 

Remark 3.11. One has (tt® 2 (AX)) 1 /<> 2 = n ® 2 (X), (n m (AY)) 1 / b2 = n® 2 (Y); this will be 
explained at the end of §4- 1\ 

Remark 3.12. The reason why we omit X^ 1 (and X^ 1 ) when considering representations will 
be explained in Remark \4-3\ So far, it wasn't necessary to have X~ 1 (and X^ 1 ). 



4. Intertwining operators and their relations 



4.1. Intertwining operator for tensor product decomposition. For two representations 
{■Kj, Vj) of B, j = 1, 2, the coproduct of B allows us to define tensor product representation 7112 
on V\ <£> V2 via ni2(u) = (711 ® 712) (Am) for every u e B. We take V 3 ; = % (as in Proposition 
I3.10p . j = 1, 2, and decompose V\ ® V2 into irreducibles. One obtains 



(4-1) 



in some sense, hence this class of B- representations as in Proposition 13.101 (with single simple 
object) is closed under tensor product. The purpose of this section is to establish (|4.1[) in the 
following form 



(4.2) 



where M is understood as a "multiplicity" module. Recall H = L 2 (K) as vector spaces. We 
will realize M also as L 2 (R) by establishing the isomorphism (|4.2I) ; the explicit formula for the 
isomorphism (both directions) is given in this subsection. 



Definition 4.1. For real variables a,x,x\,X2, define a distribution kernel 
as follow: 



a 



X 
X2 



and its 



inverse 

(4.3) 
(4.4) 



a 



X 
X2 



a 
a 

Xl 



X 
X2 

X 
X2 



= e 2ma(x - x ^8 R (j 



xi,x 2 -xx 



^ ia{ - x -^£ L {x2-x x ,x-x x ), 



where £r,£l are as defined in ()2.19j) and (|2.20j) . 

Our space of distributions will be the topological dual to the Schwartz space 5g studied 
in subsection 13.21 In actual proofs of identities about distributions, it will be sufficient and 
convenient to evaluate the distributions on W instead of on in virtue of Theorem 13.81 We 
denote by ( , ) the pairing between distributions and the test functions. In this paper, the 
'transpose' (or 'dual') of an operator A on <Sg is denoted by A t , so that (Af,g) = (f,A t g) for 
all f,g G S B . 



The main result of this subsection is the following theorem: 
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Theorem 4.2. Let (7Ti, %i), (7r 2 , % 2 ) be isomorphic to the representations of B as in Propo- 
sition [3. 1 0\ (indices are for convenience). Then the B -representation ix\2 defined on Hi <X> %2 
decomposes into irreducible representations as follows: 

(4.5) Hi®H2 = M®H, 
where the isomorphism is explicitly given by the unitary maps 

L 2 (R x R, dxtdx 2 ) -> L 2 (lx R, dadx) 

(4.6) Fi, 2 : f{xi,x 2 ) M- (F 1<2 f)(a,x), 

realized as integral transformations with distribution kernels defined in Definition^. 1\ 



(4.7) 
(4.8) 



(*i, 2 /)(a,aO 
(H it 2<p)(xi,x 2 ) 



a 

Xl 

a 

Xl 



x 

X2 
X 

x 2 



f(xi,x 2 )dx 2 
f(a, x)da I dx Ux 



dxi, 



for f(xi,x 2 ) € %i®'H 2 and ip(a,x) G M GSU, where the symbols dx\± x and dx Ux2 are as 
described in Q2.ll The maps Fi j2 and Hi <2 intertwine the action of B, where M is regarded 
as trivial representation and {tt,7-L) as the representation as in Provosition \ 3.1 01 In particular, 
the corresponding projections IIi 2 (a) ; (IIi 2 (a)/)(a;) = (Fi j2 f) (a, x) mapping Hi ® H 2 into % 
intertwine the respective B actions according to 

(4.9) n 12 (a)7r 12 (u) =7r(n)n 12 (a), Vw € B. 

(similarly for Hi 2) Moreover, the maps -Fi l2 ,-ffi l2 are inverses to each other, i.e. 



(4.10) 

or equivalently, 
(4.11) 

(4.12) 

as distributions 



Hi, 2 Fi >2 f = /, F li2 H li2 ^ = if, 



a 


X 


2/1 


m 




11 


Xl 





a 

Xl 

a 

Xl 



x 
x 2 

X 

x 2 



dadx UV2nx2 = 5( Xl - yi )S(x 2 - y 2 ), 



dx 



dxi — 5(a — f3)S(x — y), 



Proof. First, we can show that the maps i*i i2 and Hi 2 are well-defined on W <g) W, using (|2.3p 
and the decaying property of elements of W Cg) W; then we extend to L 2 (R 2 ) by continuity 
(using unitarity of Fi j2 and -Hi, 2 )- Unitarity of fi j2 and Hi 2 follows from Theorem 12.61 (i.e. 
unitarity of the transformations Tr and Tl) and the unitarity of Fourier transformation. It 
now suffices to prove that Hi t2 intertwines the S-action, and is the inverse mapping of i<i j2 . 

Let's first prove the intertwining property. Observe that 

e -27rfc(pi+p 2 )^ 7Tl 2 (X) = e - 27rfc_1 (Pi+P2) i 



m 2 (X) = n^(AX) 
1 • ; 7r 12 (y) = ^(AY) = e 2-&(-i-p 2 ) 



2ir6a,' 2 



7T 12 (F) = e 2 ' nb 1 ( Xl_ i' 2 ) + e 27rb ±X2 



Suppose ui,U2 € B satisfy (Hi t2 Tr(uj)(p)(xi, x 2 ) = Tti 2 (uj)(Hi t2 (p)(xi,x 2 ) for j = 1,2 and for 
all if € W <E> W. Note that ir(u) leaves W invariant, for any u € B; thus, for ip g W <E) W we 
have tt(u2)<p ® W, and therefore 

Hi t2 ir(ui)Tr(u 2 )if = 7Ti 2 (ui)i7i i2 7r(u 2 )<^ = ni 2 (ui)TTi 2 (u 2 )Hi i2 ip. 
Hence it's enough to prove the intertwining property for u = X, Y, X, Y. 
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Since Fourier transform preserves W, we get that for ip(a, x) E W <E) W, the inner integral for 
the expression (|4.8|) for H\p<Pi as a function in x, is £l{x2 — xi,x— xi) times an element of W . 
Put n(X)ip(a, x) = ip(a, x + ib) in place of ip. Using (|2.3|) and the decaying property of elements 
of W, we can move the contour for x by the amount — ib; when doing this, x doesn't hit its pole 
at X2, and the contour for x can now be just straight line (after shifting the contour). Since 

is expressed only in terms of a, (x — Xi), (X2 — x\) (see (|4.4|) ) . it's clear that 

X\ X2 



= 27rb ±1 (pi+p 3 +p) 



a 


X 




a 


X 


XI 


X2 




X\ 


X2 



hence 



(4.14) 



a x 

X\ x 2 

a x — ib 

X\ X2 



a x 
Xi + ib X2 + ib 



<p(a, x + ib)daj dx UX2 
f(a, x)da^J dx 

<p(ce, x)da I dx 



Similar proof goes for intertwining property for the action of X . 
From property (|2.22p of £l, we can deduce 





a 


X 


_ e 27rfc ±1 a;i 


a 




Xl 


X 2 




Xl x 2 



, e 2TTb ±1 X 2 


a 


X 




Xl 


x 2 



Now, note 



(H lt 2ir0r)<p)(xux 2 ) 



a x 

Xl X 2 



<p(a, x)da ) dx UX2 



a x 
Xi X2 + ib 



<p(a, x)da I dx UX2 



2-irbx2 ® X 
Xl X2 

Tri 2 {Y)(Hi,2<p){xi,X2), 



(p(a, x)da I dx 



Similar proof goes for intertwining property for the action of Y. 
To prove that Fi 2 and Hi 2 are inverses to each other, we use Corollary 12 . 71 and 



(4.15) 



f( w )dwdy = f(z). (e.g. for feW) 
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a 


X 




a 


X 




Vi 


V2 




_ X\ 


x 2 



For / G W ® W, observe 
{H 1>2 F lt2 f)( yi , y 2 ) 

f(xi : x 2 )dx 2 x ^j dxidadx Uy2 
e i™(vi-*i)£ L (y 2 - yuX - Vl )£ R {x - x u x 2 - x 1 )f(x 1 ,x 2 )dx 2 Jx dx 1 dadx Uy2 

= I £L(y2-yi,x-yi)£R(x-yi,x 2 ~y 1 )f(y 1 ,x 2 )dx 2 Jx dx Uy * (by @33) 
Jr 2 

= [ £L{y2-yux-y 1 )£ R {x-y u X 2 )f{y 1 ,X 2 + y 1 )dX 2 J{x - yi) dx^ (set X 2 = x 2 - y x ) 
Jm. 2 

= [ £L(y2-yuX)£ R (X,X 2 )f(y 1 ,X 2 + y 1 )dX 2 jX dX u ^-y^ {setX = x- yi ) 
Jm. 2 

= /(vi,i/a) (by@). 

For ip 6 W ® W, observe 
{F la H laV ){fi,y) 

<p(a, x)dadx UX2 dx 2 y dx\ 
s Jhrip(i f -» 1 ) e -*ria(x-«O fji ( 1/ _ XuX2 _ Xl )£ L ( X2 - Xu x- x x )y(a, x)dadx UX2 dxi y d Xl 

e 2m0(y-x 1 )£ R (y _ Xl X2 _ xx)£ L (x2 —Xi,X — Xi)(p a {x - X\, x)dx UX2 dx 2 V dXi 

*2™P(y-*i)£ R (y- Xl ,x 2 -xi)£ L {x 2 - xi,X)fi a (X,X + x^dX^-^dx^dxi 

UX 2 jyU(9-il) 





y 




a x 


_ Xl 


x 2 




Xl x 2 



e 2 *Wy-^£ R (y ~ Xl ,X 2 )£ L (X 2 , X)<p a (X, X + Xl )dX ux 'dX. 



Cor. 12^ 



e** i Hv-*i)$ a ( 3/ - Xl ,y)dxi= J e 2 ^ x ^ a (X 1 ,y)dX 1 
e 2 ^^ X ^(a,y)dadX 1 ^ cp^,y), 
where (p a in the fourth line and on means the Fourier transform of ip w.r.t. a variable. 



□ 



Remark 4.3. In the above proof, when proving the intertwining property for X and X, we 
shifted contours of integration (see (I4.14[) ); if we try to prove the same for X^ 1 and X , we 
will gain an additional term from residue ( since in this case we pass through a pole when shifting 
the contour). This is why we omitted X^ 1 when considering representations, as mentioned in 
Remark Wm 

Remark 4.4. We can define the corresponding Schwartz spaces for both sides H&H and M®T-L 
(according to B-action on those spaces). Then, using similar proof as in $2.4 of G , one can 
prove that the unitary mapping F\_ 2 (resp. Hi l2 ) maps the Schwartz space for H <8>7i to that 
for M ®T-L (resp. vice versa). 

Remark 13.111 follows from (|4.13|) and the following proposition (see e.g. Lemma 3 of |ByT| ), 
which is essentially a special case of tau-binomial formula (see (|2.16JI ): 
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^2irbA _ 2irbB 

f V C 3 

then (u + v) 1 ' b ' z = u 1 ^ 2 + v 1 /* 2 (here b G (0, oo), b 2 



Proposition 4.5. If u = e 2 ^ bA , v = e 2 ™ bB , A,B self-adjoint operators s.t. [A,B] = I /{2m), 



4.2. Relation between intertwining operators for triple tensor products. For three 
representations {ttj, Vj) of B, j — 1, 2, 3, the coproduct of B allows us to define representation 
on Vi <X> V 2 ® V 3 via 7ri 23 (M) = {n\ ®tt 2 <8>7r 3 )(A (3 )u) for every u G B, where A^ 3 ) = (A(g)id)oA = 
(id ®A)oA. For the case Vj = % {j = 1, 2, 3) as in Proposition 13.101 we can decompose this 
triple tensor product into direct integral of irreducible representations %, using the intertwining 
operator we obtained in ^4.11 There are two canonical ways to do this, as follow: 

(4.16) (Hi ® H 2 ) ®H 3 = M* 2 (g>H4®H 3 = M? 2 ® M 4 6 3 ®U 6 = M 4 6 3 <g> M? 2 ® H 6 , 

(4.17) Hi ® (H 2 <E> H 3 ) = Ui® M| 3 (8 "H 5 = M| 3 ®Ux®U 5 = M| 3 ® M£ 5 ® H 7 , 

where we give indices to the multiplicity modules M by Hjt^'Hk = Each isomorphism 

can be realized as integral transformation with some distribution kernel (see §4.1| . as each space 
Hj and Mj fe is realized as L 2 {M.); we give the variable names as follows: Hj = L 2 {R, dxj), Vj < 7, 



M 



12 



L 2 {R,da), M 4 b 3 = L z {R,d/3), M 23 = L {R, dA), M{ 5 = L 2 {R,dB) 



By composing isomorphisms in (|4.16[) and (14.171) . we obtain the isomorphism 
(4.18) M 4 6 3 ® M x 4 2 ®H 6 ^ M 2 5 3 ® M x 7 5 ® « 7j 

realized by the unitary map 

L 2 {R 3 ,dAdBdx 7 ) 

Xts{P, a, x 6 ,A, B, x 7 )tp{/3, a, x 6 )dl3dadx 6 , 



L 2 {R 3 ,d/3dadx 6 ) 



(4.19) 
where 



<p(P,a,x 6 ) 



f. 


' P 


x 6 




a 


X4 




A 


x 5 




B 


x 7 


m 5 


X4 


x 3 




Xi 


X 2 




_ x 2 


x 3 




_ Xi 


x 5 



Xts{P,a,x 6 ,A,B,x 7 ) 

' dx^ X2 dx^ nx6 dx 2 dx^ X7 dx 1 , 

as distributions. Readers can easily find out the precise meaning of (I4.19p . following definitions 
of F12 and H x$ . 

Proposition 4.6. One has Xts{P, ct, xq, A, B, x 7 ) — S{xq — x 7 )T{j3, a, A, B) as distributions, 
where 

1 



(4.20) 
(4.21) 



T{/3,a,A,B) 
5{y) 



a Tri(f3B+aA-Pa-AB+a 2 /2-B 2 /2) 



g{/3 + a + A-2B), and 



G{x - ia)e-" xv e- 7rax dx n0 , y G 



Proof. We will now compute Xts {P,a,xe, A, B,x 7 ) as distributions, to obtain the asserted result. 
One can also perform the computation in a more detailed way, in a similar manner as done in 
the proof of Theorem 14.21 (when proving Fi >2 is inverse to Hi j2 ). 

By putting in the definitions (|4.3|) and (|4.4|) . we get 



Xls 



G{x 2 — Xi — ia)G{x 3 — xq — ia)G{x§ — x 3 — ia) 
G{x 7 — X5 — ia) exp{*Ti)dx^ X2 dx^ Xs X6 dx 2 dx§ X7 dxi, 
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where xts is shorthand for xts(/3,a,xe, A, B,x 7 ), and 

(*Ti)/(7ri) = 2x\(a — B + x 4 + x 2 - x 5 - x 7 ) - 2x 2 A + 2x 4 (-a + (3) + 2x 5 A - 2x 6 (3 + 2x 7 B 
+ (—X2X4 + 2x4X5 — 2x 2 x 5 + x 5 x 7 ) + X 3 ( — 2x 2 + 2.T4 + x 5 — x 6 ) 
+ (+3.X2/2 - 5^4/2 + x\ - x\j2 + x 2 /2) - ia (-x 2 - 2x 3 + x 4 + xg + x 7 ) . 

We integrate with respect to the variable X3 first, using tau-binomial theorem (|2.16l) 

G(x 3 -x 6 ~ ia)G{x b -x 3 - ia) e -^ X3 ^ X6+2w) e-^ aX3 dx^ X5nxe 

= G ( x 5 ia)G(w - ia) ^ m (x 5 +x 6 )w c ^(- x j.+x 2 «) ^ai^+xe) 

G(x5 — xq + w — ia) 

for w — xg — X5 + x 2 — x 4 . Then, 



Xts = / G(x 5 - x 6 - ia)G(x 6 - x 5 + x 2 - x 4 - ia)G(x 7 — £5 - ia) 

JR 4 - 

r,m\J <J(x 2 -x 5 +x 6 ) , , uiij 

• exp(*± 2 )ax /l dx 2 dx 5 dx\, 

(*T 2 )/(m) = (2xi(a - B + x 4 + x 2 - x 5 - x 7 ) - 2x 2 A + 2x 4 (-a + (3) + 2x 5 A - 2x 6 (3 + 2x 7 B) 
+ (-x 2 x 4 + 3x 4 x 6 - 3x 2 x 5 + x 5 x 7 + x 4 x 5 — x 2 x 6 ) 
+ (+3x 2 /2 - 5^4/2 + 3xg/2 - x\ + Xj/2) - ia (-x 2 + x 4 - x 5 + x 7 ) . 

Integrating w.r.t. xi yields the factor S(a — B + x 4 + x 2 — X5 — X7), because J R e 27Tlxy dx = 5(y) 
as distributions, for real variable y. Then, integrating w.r.t x 2 has the effect of replacing all x 2 
by —a + B — x 4 + x§ + x 7 . Thus 

Xts — / G(x5 — xg — ia)G(—a + B — 2x 4 + xq + x 7 — ia)G(x 7 — X5 — ia) 
Jr 2 

• exp(*r 3 )^ 4 J( - a+i3+a;6+2;7)/2 dx 5 Ja:7 , 
(*T 3 )/(7ri) = (2aA - 2AB + 3a 2 / 2 + SB 2 /2 - 3aB) 

+ (x 4 (+2^ + 2a + 2/3 - 4B) + x 6 (-2/3 + a — B) + x 7 (-3a -2A + 5B)) 

+ (4x4X6 — 4x4X7 — X6X7 — Xg + 2x 2 ) + X5(x7 — xg) — ia (a — B + 2x 4 — 2x5) . 

From (|2~T8l) we have 

G(x 5 - a* - ia)G(x 7 - x 5 - ta)^ 1 ^-^ e^ ax " dxf 1 = 8{x 7 - x 6 )e-™ (l6+X7) . 
Hence 

Xts — S(x 7 — xq) / G(— a + i? — 2x4 + X6 + X7 — io) exp(*T4)rfx4 *■ a+B+X6+X7 ^ 2 ^ 



(*T 4 )/(7ri) = (2aA - 2AB + 3a 2 / 2 + 3B 2 /2 - 3aB) 

+ (x 4 (+2A + 2a + 2/3 - 45) + x 6 (-2^ + a - B) + x 7 (-3a -2A + 5B)) 
+ (4x4X6 — 4x4x7 — X6X7 — Xg + 2x 2 ) — ia (a — B + 2x 4 — xg — x 7 ) 
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Now that we have 5(x 7 — Xq), we can replace x§s by x 7 's outside 5 {x 7 — Xq), which makes sense 
for distributions. Therefore 



U(-a/2+B/2+a: 7 ) 



Xts = o~{x 7 — xe) / G(— a + B — 2x 4 + 2x 7 — ia) exp^T^dx^ 
Jm 

(*T 5 )/{m) = (2aA - 2AB + 3a 2 /2 + 3B 2 /2 - 3aB) 

+ 2(x 4 - x 7 )(a + f3 + A - 2B) - ia (+a - B + 2(x 4 - x 7 )) . 

Change of variables: set X = —a + B — 2{x 4 — x 7 ). Then 

-S(X 7 - X6 ) e M0B +a A-p a -AB +a i/2-B*/2) f _ m)e - m X( a+ p+A-2B) & -naX dx n0 > 

2 Jr 



Xts 



as desired. 



□ 



Remark 4.7. If the distribution kernels of the integral transformations F%^ and H\ 2 are 
modified in a certain way, Xts{P,ct,xe, A, B,x 7 ) can be obtained as a closed form (i.e. without 
integral in its expression); the modification (new kernels are denoted with subscript *) 



a x 
Xi x 2 



a x 
X\ x 2 



a x 
X\ x 2 



, and 

a x 
X\ x 2 



Gb(a + ia) 
Q h e™^- x ^G b {a + ia) 

where G b (a + ix) = G(-x)e-^ a3+x ^ and ( b = Q^e™' 12 , results in 

Gb{a + ia)Gb(a + i(3) 0,e 



Xtsifi, a, xe,A, B, x 7 )* = S(x 6 - x 7 ) 



TTi(a-B)(a+2A-2l3+B) 



G b (a + iA)G b {a + iB) G b {2a - iB + ifi) 

This modification of F12 and if 1.2 is meaningful in the sense that now taking the limit as 
b — > (in some sense) yields classical results; details about this limit will appear in [I]. If 
we take out G b {a + ia) in the definition of the new kernels, then the resulting \ts is just 
6(x 6 - x 7 )Q > e' !Ti{a ^ B){a+2A ^ 2l3+B) /G b {2a - iB + ifi). This whole remark is due to Ivan Ip. 

Thus it now makes sense to identify the indices 6 and 7 in (|4.16p . (I4.17[) , and in (I4.18[) . We 
just proved that the mapping 



(4.22) 



T : M, 6 , ® ^ M| a ® M 6 



23 w J "15 

T(fi,a,A, B)f((3,a)d(3da 



143 ~& m 12 

f{0, a) 

(where T is as in (|4.20p ) makes the following diagram to commute 

id<S>id<S)id 



(4.23) {Hi®H 2 )®H z - 

(id0F 12 ,3)(Fi,2<»id) 

m| 3 ® Mf 2 ® n 6 



Hi ® (H 2 ® H 3 ) 



M| 3 <g) Mf 5 ® H 6 , 



where the maps F are as in Theorem 14. 2 [ and ^12,3,^1,23 can be understood as i*4,3,.Fi,5 
respectively, and P(i2) is permutation of the two factors. All four arrows in the above diagram 
intertwine the £>-actions. 

It is often convenient to encode facts in representation theory using various geometric pictures. 
We'll use the ones considered by Kashaev for quantization of the Teichmiiller spaces |Klj . The 
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full relation of representation theory of quantum plane and Kashaev's quantization will be 
revealed in the subsequent sections. 

The decomposition Hi® H2 — Mf 2 <8> H3 can be encoded geometrically as a triangle with the 
edges named 1, 2, 3, with a distinguished corner (indicated by a dot), as in Figure[T] This triangle 




FIGURE 1. A triangle representing Mf 2 , where Hi ® H2 — Mf 2 ® H3 

will represent the multiplicity module Mf 2 , and any orientation-preserving deformation of this 
picture would mean the same. Then, the transformation T as in (|4.22j) can also be encoded 
geometrically, as in Figure [2] 




Figure 2. The move representing T : Mf 3 ® Mf 2 -> Mf 3 ® Mf 5 



When we have tensor product of four copies of representations "H, we can consider the following 
commutative diagram (where all maps are identities): 

((Hi ® %) ® H 3 ) ® Hi -> (Hi ® ("H 2 ® %)) ® H 4 -> "Hi ® ((% ® % 3 ) ® Hi) 
(4.24) \ / 

(Hi ® %) ® (H 3 ® H 4 ) -> % ® ® (H 3 ® H 4 )) 

If we translate the commutativity of the above diagram into the language of multiplicity modules 
M and the operators T, we will get the "pentagon equation" for T, which can be illustrated 
as in Figure [3j When writing in terms of multiplicity modules, we use 1, 2, 3 instead of j, k, £ 
(then 1, 2, 3 mean first, second, third factors in the tensor product of three multiplicity modules, 
respectively): 

M 6 " 4 ® Mf 3 ® Mf 2 ^ M 6 ™ 4 ® Mf 3 ® M? 9 ^ Mf 4 ® Mf 3 ® M? 8 
(4-25) Tl2 \ / t 12 

M 3 7 4 ® M 5 ™ 7 ® Mf 2 M 34 ® M| 7 ® Mf 8 

We now formulate the pentagon equation as follows: 
Proposition 4.8. (the pentagon equation) One has T 23 Ti 2 = Ti 2 Ti 3 T 2 3. 
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FIGURE 3. The pentagon equation for T 



Proof. Observe that all five arrows in (14.24[) are identity maps. Using the commutative diagram 
(|4.23|) suitably five times for ()4.24|) . the commutativity of the diagram (|4.25p immediately 
follows. □ 

4.3. Dual representation. For a representation (p, V) of B, the antipode S allows us to turn 
the dual space V (we will discuss in the next paragraph which version of a dual space should 
be used) into a representation of B (with action denoted by p') via 

(4.26) (p'(u)£,v) = (H,p(S(uj)v), € B, Vv € V, V£ € V, 

where ( , ) is the natural pairing between V' and V. The reason why (|4.26jl yields a well-defined 
action p' is that S is an anti-automorphism (i.e. reverses the product order). Thus, we can 
replace S by S^ 1 in (|4.26l) to get a new action on the dual space, which we denote by ' p (prime 
on the upper left). Then, the following two mappings given by natural pairing commute with 
the action of B: 

where C on the right-hand-sides is the trivial representation. 

We now study the dual of the representation H = L 2 (M.) (as in Proposition 13.101) . We realize 
the space H' as the Hilbert space L 2 (M.), similarly as we did for H. Using the natural pairing 
between H' and H. given by 

(4.27) (gj) = f f(x)g(x)dx, 

Jr 

we formally have from (|4.26[) that 

(n'(u)g, f) = (g, n(S(u))f) = ((7r(S(u)))* S) /), Vw G B, V/ e H, V 5 e W , 
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where (7r(,5'(u))) t is the transpose of the operator tt(S(u)). This makes sense for f,g 6 W, for 
example (see (|2.9|) for definition of W). From this we can define the 7r' action to be 

(4.28) 

tt'(X) = e- 2 * bp , n'(Y) = - e ~^^^ n >(X) = e - 2nb ~ lp , n'(Y) = -e^fe- 1 ?^-^ 
on a dense subspace of L 2 (R). 

Remark 4.9. Recall that the subalgebra B — (X,Y, X ,Y) of B q q doesn't have X^ 1 ,X~ l as its 
elements, while S(u) for u € B involves X^ 1 or X . We can take (I4.26P only in a formal 
sense, and just use (|4.28|) as our definition of the dual representation n' . 

As done in i)3.21 we first let the action ir' as in (|4.28[) be defined on the dense subspace W, 
and we define the Schwartz space S&> to be the space of all g € L 2 (R) so that 

w i— > {g, n'(u)w) 

on W is continuous in L 2 -norm, for any chosen u in B, where (•, •) is the inner product of L 2 (R). 
The Schwartz space Sq' is the common domain of the operators n'(u) for u 6 B. The space <Sg< 
is equipped with a topology defined in a similar manner as that for Sb (see §3.2p . and a result 
analogous to Theorem 13.81 can also be proved. 

By replacing S by S~ x , we obtain the 'left dual' "H realized as L 2 (R), where the actions are 
given by 

'n(X) = e- 27rbp , 'tt(Y) = -e^e" 2 ^, 'n(X) = e' 2 ^ 1 ', 'ir(Y) = - e ^-^ e -i^ P _ 

Again, V can first be defined on W C L 2 (R), and then the Schwartz space <S'g can be defined 
and given the topology in the similar way as for S131; also, a result analogous to Theorem 13.81 
can be proved. 

Throughout this subsection, the spaces H, W, '% will always be realized as L 2 (M.,dx), 
L 2 (R,dy), L 2 (R,dz) with those variable names, respectively, if not designated otherwise (also 
with spaces indexed by subscripts correspondingly; e.g. by L 2 (R,dy 3 )). Actually all three 
^-representations W, %' , 'H are isomorphic: 

Definition 4.10. For real variables x,y, define the following distribution kernels: 

(4.29) k(x, y) = e ™(x-V?+*™{x-y) ; K fa y ) _ e -^(x~yf-2-na(x-y) _ 

Proposition 4.11. The following maps provide isomorphisms of B-represenations: 

H = L 2 (R,dx) o H' = L 2 (R,dy) H = L 2 (R,dx) O "H = L 2 (R, dz) 

C : f(x) i-> j R k(x,y)f(x)dx, 'C : f(x) i-> f R k(z,x)f(x)dx, 

D ' ■ $n K (. x iV)v{y)dy «-i <p(y), 'D: J K K(z,x)<p(z)dz 4 1 tp(z), 

where each map is defined on a dense subspace of L 2 (R), e.g. on W. Furthermore, 

(4.30) (D')(C) = (C')(D') = (D)('C) = ('C){'D) = id. 

Proof. First, the four maps are well-defined on W, because of the decaying property of elements 
of W. From (|4.29l) we can observe 

, . e 27Tb±1 (P* +p y^k(x, y) = k(x, y), e 27rb±1 Pyk(x, y) = -e 27rb±1 ^-^k(x, y), 

e 2vb±1 &*+P^K(x, y) = K(x, y), e 27Tb±lp y K(x, y) = -e 2lTb±1( - x ~y^K(x, y), 
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which yields 

(C'n(u)w)(y) = I k(x,y)(ir x (u)w(x))dx = I ((ir x (u)) t k{x,y))w(x)dx 



4 = / (TTy(u)k(x,y))w(x)dx = n' y {u){C' w){y) 
Jr 

for u — X,Y,X,Y and for every w £ W, therefore for all u £ B. Hence the intertwining 
property. It is routine to show 

(4.32) [ k(x,y)K(X,y)dy = S(x-X), [ K(x,y)k(x,Y)dx = 5(y -Y) 

JR JR 

as distributions, hence (|4.30p . 

To complete the proof, we should prove that each mappping is well-defined on the correspond- 
ing Schwartz space, maps the Schwartz space to the other Schwartz space (corresponding to 
the codomain of the mapping), and intertwines the S-action. It suffices prove the first asser- 
tion, i.e. that each mapping is well-defined on the corresponding Schwartz space, because then 
similar proof as in §2.4 of [G yields the latter two results. It's easy to see that each of the 
four mappings differ from a unitary mapping by e ~ 2,m ?> (times a constant of modulus 1); for 
example, C = e"° Cge _27rap , where Cq is a unitary mapping defined by 

C' : f(x) h> f e™( x -rf f(x)dx. 
Jr 

Now, we modify the Schwartz space Sb by replacing B by BU^XX) 1 / 2 } in Definition l3.7[ in the 
sense that we require for any / in the new Schwartz space that the functional w i— > (/, e~ 27Tap w) 
on W be continuous in addition to the functionals w i— > (/, tt(u)w) for u £ B. Then the operator 
p -2nap j g we ll-defined on the new Schwartz space. We also modify Sb> and S'B in a similar 
manner. Then the four mappings are well-defined on corresponding Schwartz spaces, hence a 
similar proof as in §2.4 of [Gj yields the desired results, as mentioned. □ 

Proposition 4.12. The operators C , D' , 'C, 'D defined in Proposition ^ -11\ satisfy 
(4.33) 

(C')(C) = (C)('Z>) = (D){C) = e ~ 47rap , (D')(D') = (D'){'C) = {'C){D') = e i7rap , 
(4.34) 

((C'g)(y), (D'f)(x)) = (e^* g(y), f(x)), (('Cg)(z), (Df)(x)) = (g(z), e -^f(x)), 
(4.35) 

((C>g)(y),CDf)(x)) = (g(y),f(x)). 

Observe that (|4.33[) provides isomorphisms H = H" and % = "H. Proof of ()4.33[) — (I4.35[) is 
straightforward from k(y,x) = e ap nk(x,y), K(y,x) — e 4 ^ ap y K(x,y), and (|4.32l) . □ 

We will now construct an operator A : Mf 2 —> in a canonical way, where 
(4.36) Hi®H 2 = Af? 2 ® W a , % ® % = ® Hi, 

and the isomorphisms in (I4.36|) are in the sense of Theorem 14.21 Using (I4.36|) , we have a 
canonical identification of Mf 2 with Homs{H 3 ,Hi ® H-i)', an element 4>(a) £ W C Mf 2 = 
i 2 (R, da) gives rise to the following element of i7omg( - H 3 , Hi ® Hi): 



(4-37) f(xs)^ [ <f>{a)f(x z ) 

Jr 2 



a x 3 
xi x 2 



dadxi X2 . 
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We denote this isomorphism by 

(4.38) J 123 : M? 2 -> Hom B (Ha,Hi ® 
(similarly for /231) We consider another canonical identification 

(4.39) Ji 23 : Homc(H 3 ,Hi ® W a ) -> Wi ® % ® W3, 

using the pairing map % 3 (8 % 3 — > C. Restriction of J123 to the B- invariant subspace yields a 
mapping from Hom B (7i 3 ,7ii ® % 2 ) to lnv(H x ® %2 ® H 3 ), denoted by J123 again. 

We construct another canonical map 

(4.40) A{™ : Jn»(fti ® % ® -> Jnu(W a ® H 3 ® Hi) 
as the restriction to the iJ-invariant subspace of the mapping 

A 123 ■.■U 1 ®Ui® H' 3 -^H 2 ®U 3 ® U'x, 
given by the following composition: 

(4.41) Hi ® % ® h 3 ggggg ®n 2 ®n 3 El23 > n 2 ®n 3 ® n' 1: 

where the first arrow just comes from Proposition 14. 1 1] and the more important second arrow 
_Bi23 comes from the two canonical ^-isomorphisms (defined for any three S-representations 
Vx,V 2 ,V 3 ) 

(4.42) % ®V 2 ®V 3 ^ HorndVx , V 2 ® V 3 ) = V 2 ® V 3 ® V?, 

where the first isomorphism is due to the pairing map ® 'Vi —> C, and the second one is due 
to the pairing map V[ ® V\ — > C; thus S123 is given by 

#123 : ^(21,2:2, £3) i-> V(yi>^2,a;3)- 

Now, define the map A^° 3 m : Hom B (H3,Hi ® H 2 ) Hom B (Hi,H 2 ® H 3 ) to be the unique 
map which makes the following diagram commute: 

(4.43) Hom B (H 3 ,U 1 ®U2)^^Hom B ('Hi,H2®H3) 



Jl3 



J 2 31 



7n«(Wi ® H 2 ® W 3 ) -S- Znu(H2 ® H3 ® Hi). 
Finally our map A is defined as follows: 

Definition 4.13. The operator A : Mf 2 — > M 23 is defined to be the unique mapping which 
makes the following diagram commute: 

(4-44) Mf a Mi 3 



Il23 



1231 



Hom B (U 3l rlx ® U 2 ) Hom B {H x ,H 2 ® %). 

Before computing the formula for A, we can prove the following result: 
Proposition 4.14. One has A 3 = id on M 3 2 . 
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It',^~It2 It; H\ - ,JU 




Proof. Consider the following diagram 
(4.45) n 1 <^n 2 <i9 n 3 n 2 

"H 1 ®n 2 ®n 3 "h 2 ® n 3 ® Hi '-h 3 ®Hi®h 2 , 

where the three diagonal arrows are all 'C ®id® D' as in (|4.41j) . Recall that Af/fc are defined 
so that the diagram (|4.45[) commutes. 

Observe that the composition of the six non-horizontal arrows of the diagram (|4.45|) is 

Hi®H 2 ®H' 3 ^Hi®H 2 ® H 3 

V ( Xl ,x 2 ,ys) ((D' 2 )('C 3 )(D[)('C 2 )(D' 3 )( , C 1 )v)(x 1 ,x 2 ,y 3 ) 

= (('C 3 )(D 3 )(D 2 )('C 2 )(D[)('C 1 )<p)(x 1 ,x 2 ,y 3 ) 

= e 4 ™^ +p ^ +p ^ V (x u x 2 ,y 3 ), (by $M) 

where the subscripts of ' C and D' indicate the variable names (hence operators having distinct 
subscripts commute) and the domain Hi ® / H 2 ® H' 3 and the codomain T-L\ <£) H 2 ® "H 3 are both 
realized as L 2 (R 3 , dx\dx 2 dy 3 ). Notice that if £2,2/3) € Inv{H\ ®% 2 ®'H' 3 ), then from the 
invariance under the action of X.X we have e 27rfc (^i+^+Pot)^;^, #2, 2/3) = (p(xi, x 2 ,y 3 ), 
which yields e 4 ^ a ( p:c i +P!C 2 +Py ^tp(xi,x 2 ,y 3 ) = ip(xi,x 2 ,y 3 ). 



Thus, the composition of the six non-horizontal arrows of the diagram (|4.45|) applied to in- 
variant elements is the identity map (if the first and last spaces are considered identical), 
and hence so is that of the three horizontal arrows. Following the definition of A as in 
(|4.44p (for three possible cyclic permutations of the indices) and also (|4.43p . we get that 
A o A o A : Mf 2 — > M 23 -» M 31 -> Mf 2 is the identity map (if the first and last Mf 2 are 
considered identical). 



□ 



We can compute the explicit formula for A, using its definition (I4.44[) : 
Proposition 4.15. The operator A : L 2 (R, da) — > L 2 (R, df3) is given by: 

Ce -7Ti/12 



(4.46) 



(a) i-> 



V3 



3 rt(2a"/3+aa/J/3-^/3) ^a Pa J Qr $ g W 



Proof. The diagram (I4.44j) and (|4.43p together define A by 

(4.47) <W 2 3iA0 = A[^J 123 I 123 ^ <j>eWcMl 2 . 

Following the definitions of ii 23 (as in (|4~38| and ([Q7]) ). J 123 (as in (|439]) ). and A{%g (as in 
(jOTj) ). and considering M\ 2 = L 2 (R, da) and M 23 = L 2 (R, d/3), the equation (|4~4T|> means 



(A0)(/3) 



x 2 x 3 
dUl) , we get 

(4.48) 



2/i 

£2 x 3 



/ (/>(a) 



a 2/3 
El x 2 



K(x 3 ,y 3 )k(yi,xi)dady 3 X2 dx 



Multiply 



to both sides and integrate w.r.t. x 2l x 3 along a suitable contour: from 



(A<j ) )(a)6(y 1 -Y 1 ) = / 0(a) 



a y 3 
Xi x 2 



K(x 3 ,y 3 )k(yi,x 1 ) 



a Yi 

x 2 x 3 



dady 3 X2 dx±dx 3 Yl dx 
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R(<r,Vi,Y x ) = e 



as distributions. We put e 27raPa </>(a) into the place of 0(a), and let R(cr, j/i, 11) be the RHS 
of (|4.48p . By putting in all the definitions (see (|43|) . (|4~4"|l . and (|4.29|l ) and simplifying, we get 

-R(c, Yi) = J </>(a)G(x 2 — y 3 — ia)G(Yi — X3 — ia) exp(*Ai)dad2/3 X2 dx x dx 3 Yl dx 2 , 

(we moved e _27rapQ by transposing w.r.t. a variable; shift the contour of a by —id) where 
(*A x )/(iri) = (-a;? + 3x 2 /2 - x 2 /2 + y\ + Y?/2 - 3^/2) + 2xi(a + x 2 - yi + Va) 

- 2ay 3 + 2aY x - 2ax2 - 2x 2 x 3 - 2x 2 Y x - x 2 ?/3 + x 3 Y x + 2^31/3 

- ia{-x 2 - 3.T3 + 2y x + Y x + y 3 ). 
We first integrate w.r.t. x x , using 

(4.49) / e**"* +sa;) dx = / e^ r{x+ * ] ~^dx = = , r > 0, 

Jwl Jr V r 

which holds as distributions. By taking complex conjugate, we get a similar formula for the 

case r < 0, which we will also refer to as just (|4.49j) throughout this paper. Performing (|4.49|) 

for the variable x\ yields 

/ 4>(a)G(x2 — 2/3 — ia)G(Yi — x 3 — ia) exp(*A 2 )dady 3 X2 dx^ Yl dx 2 , 
Jr 4 

(*A 2 )/(wi) = (a 2 + 5x 2 /2 - xl/2 + 2y\ + Y?/2 - yf/2) + y 3 (x 2 + 2x 3 - 2 Vl ) 
+ 2ax 2 - 2ay x + 2oY x - 2erx 2 - 2x 2 a;3 - 2x 2 y x - 2x 2 Y x + x 3 Y x 
- ia(-x 2 ~ 3x 3 + 2yi + Yi + y 3 ). 
By a simple change of variables for the Fourier transform formula (|2 . 11 [) we get 

G(x 2 - 2/3 - ia)e-^ v h niy ^ X2+2a h nays dy 3 X2 = e~ 2iX e -" /4 G(w - ia ) e ^2u e ^(u 2 +xl) e ™(u+x 2 ) ^ 
for u = X3 — 2/1 : 

R(a,y x ,Y x ) = e- 2ix e~ m/2 [ (j){a)G{x 3 - Vl - ia)G{Y x - x 3 - ia) exp(*A 3 )dadx^ Yir>Vl dx 2 , 

Jr 3 

(*A 3 )/(m) = (a 2 + 3x 2 + 5y 2 /2 + if/2) + x 3 (Y x - 2/1) 

+ (2ax 2 - 2ay x + 2aY x - 2ctx 2 - 4x 2 2/i - 2x 2 Yi) - ia{-2x 3 + j/i + Yi). 

From HHTHD we have J R G(x 3 - y x - ia)G(Y x - x 3 - ia)e 7Tlx ^ Yl ~y^e' 27TaX3 dx^ Yinyi = S(Y X - 
y x )e-™( yi+Yl \ hence 

R(a, j/i, Fx) = e- 2 ^e-"/ 2 5(2/i - Y x ) [ 0(a) exp(*yl4)dadx 2 , 

Jr 2 

(*A 4 )/(m) = (a 2 + 3x 2 + 5?y 2 /2 + Y 2 /2) + (2ax 2 - 2ay x + 2aY x - 2ax 2 - ix 2 yi - 2x 2 Y x ). 

Because of the 5(y x — Y x ) factor, we can replace all Y x 's by 2/1's in (*Ai); so (*A 4 ) can be replaced 
by 7ri(a 2 + 3(x 2 — y x ) 2 + 2(a — (t)(x 2 — 2/1))- Use change of variables x 2 M> X2 = x 2 — yi, and 
integrate w.r.t. JT 2 using (|4.49|) : 

R(a,y x ,Y x ) = - % 6(y x - Y x ) / ^e^/^/^^da. 

V 3 Jr 

Therefore we just proved 

(4.50) (Ae- 27Ta P"cj)( a ))(a) = ^ / e 7r4 ( 2Q2 / 3+2Q<T / 3 - ,T2 / 3 V(a)rfa 

\/3 Jr 
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(recall C = e~ 2lx e~ 7 ' l/6 ), which amounts to ([OB) , □ 
We now prove the following useful property of A: 
Proposition 4.16. If A,p,x are thought of as acting on _L 2 (R, dx), then 

(4.51) AaA -1 = x + 3p - ia, ApA~ x = -x - 2p. 

Proof. We use (|4.50p . For convenience, let A^ ^ := ^ 1 Ae~ 27TaPa (this definition is in ac- 
cordance with the one that will appear later), so that A'°) : L 2 (M.,da) — > L 2 (K,d/3) is an 
(unitary) integral transformation with distribution kernel cqJ(ol,[}), where cq — e _7r */ 12 /\/3 
and J(a,p) = e"( 2Q2 /3+2a/3/3-/3 2 /3)^ Note for any real num ber m that 

e 2wimP -J(a,(3) = J(a + m,j3) = e «(2™ 2 /3) e «(4ma/3+2m,3/3) ^ 

e 2wimp f>J(a,P) = J(a,j3 + m) = e ™(-™ 2 /3) e "(2>W3-2m/3/3) ^ 

hence 

e 2Trim (- 2Q / 3+p °)j(a,/3) = e 2T " m(/3/3) J(a,/3), e 2mm{a/3) J(a, (3) = e 2nim W 3+p ^ J(a, f3). 
For <j> £ W's, we thus get (by transposing) 

A (0) e 27r 4 m(-2a/3- )9 «) (?!) _ e 2nim(0/3) A (0) ^ A (0) e 27rim(a/3) ^ _ e 2nim(P /3+pp ) A (0) ^ 

yielding 

(4.52) AW(-2a;/3-p)(A( ))- 1 = z/3, A^^KA^)- 1 = x/3 + p, 
if A^ ) , a;,p are thought of as acting on L 2 (R, dx). It's easy to see 

e- 2 ™ p xe 2 ™ p = x + ia, e - 2 ™ p pe 27rap = p, 
which together with (|432j) yields (|43Tj) . □ 



Remark 4.17. Proposition 4-lb\ could've been proved without Proposition \4-15\ using the equa- 
tion (|4.47[) J23i^23iA0 = A 12 1 ^ Ji2 3 Ii2 3 <P flwd i/ie following (for any real numbers m): 



g2-7rzmp xl 
2irimp a 



a 2/3 

£1 £2 

a 2/3 

a;i x 2 



2mm(-py 3 -p X2 ) 



a y 3 
Xi x 2 

a y 3 
Xi x 2 



g — 2ixira ^27zima ^2'xim(x2 J ry3~2x\) 



a y 3 
Xi x 2 



e 2 ™ mp *ik{yi,xx) = e 1Tim2 - 2lTam e 2lTim{xi ^ Vl) k{y ll xi) 1 
e 2 " mp ^K(x 3 ,y 3 ) = e- mm2+27ram e 2 " m( - X3 - y3) K(x 3 ,y 3 ). 
Actually, (I4.5ip uniquely determines the operator A (constant is fixed by A 3 = id). 
The A operator can be encoded geometrically as in Figure HJ We will now study some more 





J 

■ 2 ■ 



J 

■ 2 



FIGURE 4. The move representing A : Mf 2 — > M\ 



properties of the A operator in the next subsection. 
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4.4. Relations involving T and A. Recall that we proved that T satisfies pentagon equation 
(Proposition I4.8|) , and that A 3 = id (Proposition I4.14|) . In this subsection, we prove two 
relations involving both T and A. 

We can check if the diagram 



(4.53) 



a j : i a 2 



T12 



A^A 2 



MS ® M$ m 



commutes. The above diagram (|4.53|) can be geometrically encoded as in Figure [5] 




Figure 5. Geometric realization of the diagram (|4.53l) 



Before formulating and proving this assertion, we introduce another formulation of T operator, 
for convenience. Suppose that the situation is as in (|4.23[) . and define T Hom to be the unique 
mapping which makes the following diagram to commute: 

Hom B (H 6 ,H4(g>H 3 ) Tf°™ Hom B {H 5l H 2 <8> H 3 ) 
[ ' ®Hom B {Hi,Hi®H2) ®Hom B (U 6 ,Hi®Hs) 

M| 3 M x 4 2 M| 3 <g) Mf 5 , 

where T is as in (|4.22[) and Ijkt are as in (|4.38[) . Using the similar idea as in (|4.38j) . from the 
two explicit isomorphisms (|4.16|) and ()4.17j) (as studied in that subsection) we get a canonical 
identification of M| 3 ® M? 2 with Hom B {n & , {Hi ® Ui) ® %) and that of M| 3 ® M% with 
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Hom B (He,Hi ® (H 2 ®%))- Using these identifications, the diagram 



(4.55) 



M, 



43 



M x 4 2 



M| 3 Mf E 



Hom B {H 6 , (Hi ® W a ) ® «s) t^®"*®" : Hom B (H 6 ,Hi ® (K a ® 



commutes, in view of (|4.23|) . Suppose ^f\®f 2 and ^h x ®h 2 are elements of Hom B (He , H4 ® 
H 3 ) ® Hom B (H/i,Hi®H 2 ) and Hom B (H^,H 2 ®H 3 )® Hom B (HQ,Hi®H^) respectively, where 
/1 € Hom B (H6,H i ®H 3 ), fc e Hom B (H A ,Hi ® H 2 ), hi e Hom B (H 5 ,H 2 ® H 3 ), and fa € 
Hom B (H&,Hi ® Combining the two diagrams (|4.54[) and f|4.55|) (and investigating the 

vertical arrows of the two diagrams), we can deduce that 

(4.56) T Hom (£/i®/ 2 ) =]>>i®/i 2 53(/ a O = X)C* d ® ft i)'*a S 

where ^) A and ^ (id (8) fa) fa are elements of Hom B (H 6 , Hi ® Hi ® H 3 ). We now turn 

back to our original interest: 

Proposition 4.18. One has A 2 T 2 iAi = AiT i2 A 2 . 
Proof. Consider the diagram 



(4.57) 



Hom B (H n ,Hi®H 2 ) t£™ Hom B (Hi,Hi ® H m ) 
®Hom B {Hi,H n ®H 3 ) *~ ®Hom B (H m ,H 2 ®H 3 ) 



Hom B {H 2 ,H n ®Hi) Tf 
®Hom B (H n ,H 3 ® He) 



Hom B (H m ,He®Hi) 
®Hom B (H 2 ,H 3 ®H m ) 



In view of diagrams (|4.44[) and (|4.54[) . it suffices to prove the commutativity of the diagram 

(HSU). 

An element of Hom B (H n ,Hi®H 2 )®Hom B (He, H n ®H 3 ) can be written in the form fi®f 2 , 
where fx £ Hom B (H n ,Hi ®H 2 )® and f 2 € Hom B (He,H n ® H 3 ). Let 

(4.58) Tfr 1 (E a ® a) = E ftl ® 

where fa e Hom B (He,Hi ®H m ) and fa e Hom B (H m ,H 2 ®H 3 ), and let 

(4.59) *i = (^TrVi, F 2 =A%Tf2, H l = {Af 1 °™)- 1 h u H 2 =A*£™h 2 . 

Using the map Jy/. : Hom B (Hk,Hi ® Hj) —> Inv(Hi ® Hj ® H' k ) and another canonical map 
'J ijk : Hom B (Hk,Hi ® Hj) -> Inv('H k ®H t ® Hj) as in g32J), let 

fl = Jl2nfli fl — Jn 3 lf 2 , h\ — Ji m ihi, h 2 — J 23m h 2 , 
F\ = J n i 2 F\, F 2 — ' J 3 i n F 2l H\ = Jn m Hi, H 2 — 'J 3m2 H 2 . 
What we should prove is that (|4.59|) and (|4.58l) imply 

(4.60) Tf 2 om (E^i®^)=E^®^. 

So, assume (|4.59p and (|4.58|) . In view of (|4.43[) . the four equations in (|4.59|) mean 

(4.61) /1 = ('C n )(D' 2 )Fi, f 2 = ('D n )(C' e )F 2 , fa = {'C t ){D' m )H 1 , h 2 = (' D 2 )(C' m )H 2 . 
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In view of (|4.56p . the equation (|4.58|) means XX/i ® id)f 2 — ^{id® h 2 )h\, hence 

J f2(x n , x 3 , x e )cl){xe)fi(x n , xi, x 2 )dx e dx n = J h 2 (x 2 , x 3 , x m )<j>{x l )h 1 {x t , z t , x m )dx e dx r< 
for any <j){xt) € %g = L 2 (R, 2^). Therefore, as distributions, 



f 2 (x n ,X 3 ,X e )fi(x n ,Xi,X 2 )dx 

((' J D n )(Ci)F 2 )(('C„)( J D0F 1 )& 
(e- ta P»('fl f )(C;)F2)Wx 



^2(^2, £3, x m )hi(xi,xi,x m )dx m 

(('D 2 )(C' m )H 2 )(('C e )(D' m )H 1 )dx m (by gH])) 

(('D 2 )e- 4 ^H 2 )(('C i )H 1 )dx m (by g^l) 

((^)('^ 2 )e- 4 ^f™i7 2 )ff 1 dx m 

(apply ('Z^)(C 2 ) to both sides, and use ([4~30| 1 
y ( e - 4 -(P"+^)i? 2 )F 1( i Xn = y ( e -^ a ^ + ^H 2 )H 1 dx m (by 633])) 

y (e-^^+ps+p*)^)^^ = y ( e - 4 ^(P2+P3+p m )^ 2 )^- id:z , m ( by apply e -4^ap 3 ). 

Since F 2 g Inv("H n (g> "H 3 ®Mi) and -ff 2 G Inv("H 2 8^3 ® H m ), invariance property under 
the action of X and X yields e 27rb±1 ( p " +P3+Pf )F 2 = F 2 and e 2yTb±1 ^ 2+P3+Pm '> H 2 = H 2 , yielding 

e -47Ta(p n +p 3 + Pe ) p 2 = p 2 and e -4TTa(p 2 +p 3 +p m ) jj 2 = ^ TlmSj we get 

J F 2 (x n ,x 3 ,xe)F 1 {x n ,x 1 ,x 2 )dx n = J H 2 (x 2 ,x 3 ,x m )H 1 (xg,x 1 ,x m )dx m 

as distributions, which is equivalent to 5Z(i*2®3d)-Fi = ^2{id®Hi)H 2l which is again equivalent 
to <|4.60[) in view of (|4.56|) . Thus, the diagram (|4.57j) commutes, as desired. □ 

Lastly, we can check if the diagram 

(4.62) M? 2 ® M^ 3 M ^ g M m 

AiA 2 P(i2) Ai 



2)1 



Mi, M 



2:; 



commutes, where f(i 2 ) is permutation of the two factors. Geometrically, this is encoded as in 
Figure El 

Proposition 4.19. One has T 12 A!T 21 = A!A 2 P( 12 ). 
Proof. Consider the diagram 



(4.63) 



®Hom B (He,'H n ® H 3 ) 



lHam B (H m ,H 2 ®U 3 ) 



®Hom B (Ui,H 2 ®U n ) ~* ®Hom B {H m ,H 2 ®H 3 ) 




Figure 6. Geometric realization of the diagram (I4.62[) 



In view of diagrams (I4.44|) and (|4.54p . it suffices to prove the commutativity of the diagram 
(|463l) . 

As we did in the proof of Proposition ^. 181 let ^Z/i®/2 € Hom^(JL ni 'H 1 ®'H2)®HomB^M.t 1 'Hn® 
V.3), where /1 e HomB(H n ,'Hi ®% 2 )® and f 2 € HomB(Hi,'Hn <S>%3)- Denote 

(4.64) Tg om (J2 fx ® h) = E ft i ® h 2, 

where /ii £ HomB^it,'Hi ®W m ) and /i 2 € i?OTOs(W TO ,% ® "^3), and let 

(4.65) F 1 = Af 2 °™/i, F 2 = A%Tf 2 , H 1 = A?£?h 1 . 

We use the maps J^-fc : HomB^Hk , %i <S> Wj) — > Inv {Hi ® Hj <8> H' k ) and ' : Horns {%k , 'H-i ® 
Hj) —> Inv('Hk (£>Hi(£>'Hj), similarly as in the proof of Proposition ^. 1 81 to define the following 
(be careful that a same symbol may have a different definition than as in the proof of Proposition 
OH): 

/l = Jl2nfli J2 = JnMJI, hi = Jlml a i, h 2 = J 2 3mh 2 , 
F\ = J 2n lFi, ^2 — ' ' JzinFli Hi — 'j m nHi. 

What we should prove is that (|4.65|) and (|4. 64[) imply 

(4.66) Tf 2 om (J2 H x ® ft 3 ) = E F2 ® Fl - 

So, assume (|4.65|) and (|4.64|) . In view of (I4.43[) . the three equations in (|4.65|) mean 

(4.67) f 1 = ('D 1 )(C' n )F 1 , f 2 = ('D n )(C' e )F 2 , hi = ('Di)(C' e )Hi. 

In view of (|4.56j) . the equation (|4. 6411 means XX/i ® id)fz = h 2 )hi, hence 

/ fi(xi,x 2 ,x n )f 2 (x n ,x 3 ,xi)(f>(xi)dx£dx n = f h 2 (x 2 ,x 3 ,x m )hi(xi,x m ,xi)(/)(xt)dxidx m , 
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for any (f>(xi) £ He = L 2 (R,xi). Therefore, as distributions, 

fi(xi 1 x 2 ,x n )f 2 (x n ,x 3l xe)dx n = J h 2 (x 2 ,x 3 ,Xm)hi(x 1 ,x m ,xe)dx rn 

{(D l ){C' n )F 1 ){(!D n ){C , l )F 2 )dx n = Jh 2 (('D 1 )(C , e )H 1 )dx m (by 

J (('D 1 )F 1 )((C' i )F 2 )dx n = J h 2 (('D 1 )(C , i )H 1 )dx m (by (035}) 

J FiF 2 dx n = J h 2 H 1 dx m . (apply and use fOty ) 

Thus we obtained 

F 1 (x 1 ,x 2 ,x n )F 2 (x n ,x 3 ,ni)dx n = / h 2 (x 2 ,x^,x m )H 1 (xi,x m ,Xi)dx m 



as distributions, which is equivalent to ^,(id® F%)F\ = 5^(/j.2®id)ifi, which is again equivalent 
to (14.66[) in view of f|4.56|) . Thus, the diagram (|4.63|) commutes, as desired. □ 

The summary of Propositions 14.81 l4~T4l 14.181 and 14.191 is: 
Theorem 4.20. The operators T, A satisfy 

(4.68) A 3 = id, T 23 T 12 = T 12 T 13 T 23 , A 2 T 21 A! = AiT i2 A 2 , T 12 A!T 21 = AiA 2 P ( ia). 
4.5. Family of operators A^ m \ m g R. For any real number m, put 

(4.69) A ( " l) := ^n 2 -l Ae 2rra( m -l)p^ 

where C = e~ ma / 3 = e~ 2lx e -7 ™/ 6 . In particular, A = A^ 1 ). Then we have an interesting 
observation: 



Proposition 4.21. The operators T, A^™' satisfy 

u m) (AW) 3 = id, T 23 T 12 = T 12 T 13 T 23 , 

( ' A^ n) T 21 A[ m) = A( m) T 12 A 2 m) , T 12 A< m) T 21 = C^" 1 ' A^ m) A( m) P (12) . 

Proof. Let's viewpj, Xj, A 3 -, AV™\ T i2 and T 2 i (for j = 1, 2) as acting on L 2 (R, dxi)(3L 2 (R, dx 2 ). 
For the first relation, we view p, x, A as acting on L 2 (R, rfx). In this proof, the result (|4.5ip 
(from Proposition 14. 161) is constantly used: 

AxA -1 = x + 3p - ia, ApA -1 = -x - 2p. 

Observe that 

(A*" 1 ') 3 _ ^3(m 2 -l)^ e 27ra(m-l)p^ e 2ira(m-l)p^ e 2^a(m-l)p 

_ ( A3(m 2 -l)^ e 27ra(m-l)p^ e 27ra(m-l)p e 27ra(m-l)(-2;-2p)^ «. (14.511) ) 
_ ( -3(m 2 -l) e iri(m-l) 2 a 2 ^ e 27ra(m-l)p^ e 2ira(m-l)(-2:-p)^ g^JJ) 
_ ^3(m 2 -l) e iri(m-l) 2 a 2 ^ e 27ra(m-l)p e 2ira(m-l)(-p+ia)^^ gjj]])) 
_ ^3(m 2 -l) e 7ri((m-l) 2 +2(m-l))a 2 ^^^ _ ^3(m 2 - 1) e 7ri(m 2 - l)a 2 ^3 _ ^ 

because ^3(m 2 -i) = e -™(m 2 -i)a 2 and A 3 = id ( by p rop0 sition 02) ; by BCH we mean the 
Baker-Campbcll-Hausdorff formula. 



QUANTUM TEICHMULLER SPACE FROM QUANTUM PLANE 



31 



In this proof, we also use the conjugation action of T12 on the heisenberg generators pj,Xj, 
as studied in Proposition [53] among them, we use 

(4 71) rp^ 2e 27ro(m— 1)(— pi)g27ra(m— 1)(— 2:2— 2p 2 )rp— 1 _ e 2wa(m— 1)(— pi) e 27ra(-ro-l)(— X2— 2p 2 ) 

(4 72) >p 12e 2iro(m-l)(— pi-2pi)ip-l _ £.-Ka{m— l)(-pi-2pi) e 27ra(ro-l)(— x 2 -2p 2 ) 

From (j4T69]) and we have A^ m ^ = £™ 2 -i e 2 ™(™-i)(-*- 2 p) A. Observe 

A^^A^e" 2 ™^- 1 ^ 1 = C^'-^^TaiAi = C 2 (™ 2 -i) e 2 ™(™-D(— 2 p 2 )a 2 T 21 A 1; 

A (m) Ti2A (m) e -27ra(m-l) Pl _ ^m 2 - 1 A (m) rp^ e - 27ra (m- l) Pl e 27ra(m-l) (-x 2 -2p 2 ) ^ 

= ^™ 2 -iA(" l) e - 27ra(m - 1)pi e 2,ra(m - 1)( - :l;2 - 2p2) Ti2A 2 (by (l4TT|) l 

_ £2(m 2 -l) Aie 2im(m-l)(-:r 2 -2p 2 )rp i2A2 
_ ( A 2 (m 2 -l) e 27ra(m-l)(-a; 2 -2p 2 ) Ai rp i2A2 ^ 

Using A 2 T 2 iAi = AiTi 2 A 2 , we can now deduce A 2 m) T 2 iA^ m) = A^ m) Ti 2 A 2 m) . Note also 
that 

Ti 2 A* m) T 21 = ^n 2 -l Ti2e 2^a(m-l)(- Xl -2 Pl ) AiT2i 

_ ^m 2 -l e 27ra(m-l)(-a:i-2pi) e 27ra(m-l)(-x 2 -2p 2 )rj, i2Ai rp 2i ^ y gTTII) ) 

A^ m) A 2 m) P (12) = ( 2 ( m2 - 1 ) e 2Tra ( m ™ 1 )(- :E i- 2 Pi)Aie 27rQ(m_1)(_;E2_2p2) A 2 F( 12 ) 

_ ^2(m 2 -l) e 2Tra(m-l)(-2; 1 -2p 1 ) e 27ra(m-l)(-3: 2 - 2 p 2 ) AiA2 p^ 2 ^ 

Using T 12 A!T 21 = A 1 A 2 P (12) , we can now deduce T 12 A< m) T 21 = C 1 "™" A^ m) A 2 m) F (12) . □ 

Remark 4.22. In view of (|4.70|) . the operator A' -1 ' is also special as our original operator 
A 1 - 1 ) , because m = — 1 makes £ 1 ~ m = 1 in the relation (14.70[) . It is an interesting question to 
find a conceptual way of constructing A^ 1 ). 

5. Relation to the Kashaev representation 
5.1. Kashaev's construction. Kashaev defined the following (unitary) operators ( |K3j ) : 

(5.1) T12 = e 2nipixa ^ b (x 1 +p 2 ~x 2 y\ A = e- 7r% / 3 e 3mx2 e 7r%{p+x)2 , 

where Vf^ is dehned as &b( z ) = G(—z)e^ z2+lx 1 the operator Ti 2 acts on L 2 (M 2 , dxidx 2 ), and 
the operator A on L 2 (R, dx). The operator A can be realized as integral transformation (e.g. 
as in [K2] ): 

(5.2) A : L 2 (R,da) -> L 2 (R, d/3), f(a) >-> f e 2nia/5 'e 7 ^ 2 ""/ 12 f(a)da. 



Theorem 5.1. (Kashaev [K2 j T/ie operators T, A satisfy 

(5.3) A 3 = id, T 12 T 13 T 23 = T 23 T 12 , AxT 12 A 2 = A 2 T 21 A 1; T 12 A!T 21 = (A^P^, 
where £ = e -7 ™ / 3 is same as ours. 
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Definition 5.2. For an index set I, the Kashaev group Gi associated to I is the group with 
generators oy, tjkiVjk (ji k E I), with the relations for all j, k,£ G I 

a 3 j = e, 
ajtjkOk = dktkjCLj, 
tjkOjtkj — ajOkPjk, 
tkitjk — tjktjitki, 

and pj.k satisfies the relations of an involution of j,k £ I in the permutation group of the set 
I. We also define the central extension Gi of Gj with the corresponding generators a,-, Pjk 
and the central element z satisfying the same relations as G\ except tjkajtkj = ajOkPjk, which 
is replaced by 

tijOitji — ZOiOjPij . 

From (|5.3[) and Proposition I4.21[ (T, A^" 1 -') (for each m £ K.) is a representation of Gi with 
z represented by the identity times £ 1-m ; while by Theorem 15. II (T, A) is a representation of 
Gi with z represented by the identity times Q. 

We will now construct a family (T, AS m >) of representations of the central extension Gi of 
the Kashaev group, having Kashaev's pair of operators (T, A) as its member, and prove the 
(unitary) equivalence of the family with another one, namely (T, A^™- 1 ). 

5.2. Conjugation action on Heisenberg generators. As a preliminary, we study how the 
operators T and A act on the Heisenberg generators Pj,Xj by conjugation: 

Proposition 5.3. For any t € K } one has 

T 12 e e(pi+P2) T^ = e ep2 , T 12 e lxi f ^ = e £ ( Xl+X2 \ T 12 e e( - Pl+X2) f^ = e l{pi+X2 \ 
T^e 21 ^ 1 ? 1 ^ 1 = e 2l6±1 »(l + e «' ±2 e M±1 (^-n+^)), AzA -1 =p — x, ApA^ 1 = -x. 



Proof. The last two relations about A is already mentioned by Kashaev ([K3 ). We use the 
following: for a function / (that has a necessary analytic continuation) and for I £ R, one has 

(5.4) e -Zv f{x)e t P = f{x + lL ) , 

The first three relations will be obtained as corollary of Proposition 15.41 and Theorem I5.6[ 
hence we only prove the fourth one (though it's equally easy to get the first three here). Using 
(|5.4p . one can get 

e 2 * b±1 P^ b ( Xl +p 2 - x 2 )e- 2 * b±lpi = tffcOn +p 2 - x 2 - ib ±l ), 

e '2Trip 1 X2 e 2-irb ±1 pi e - 2 -rripix 2 _ e 2-rrb ±1 pi 
e2 Tvip 1 X2 e 2irb ±1 (x 1 +p 2 -x 2 ) e -2Ttip 1 x 2 _ e 2ir6 ±1 (xi -pi +P2 ) 

Thus, using the above obtained formulas and functional equations of ^f,: 
V b {w)- l ^ h {w - ib* 1 ) = (1 + e -" b±2 e 2w&±lu '), 
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we obtain 

T 12 e 2nb±lpi T^ = e 2mp ^ b { Xl + p 2 - x 2 )- 1 e 2nb±lp ^ b (x 1 + p 2 - a^e" 2 ™ 2 

= e 27ripiX2 * b (xi +p 2 - x 2 )- 1 ^ b {x 1 +P2-x 2 - ib ±iy^p le -2^p lX2 

_ e 2nipiX 2 (j _|_ e -nib ±2 e 2irb(x 1 +p 2 -x 2 )^ e 2Trb ±1 p 1 e -2irip 1 x 2 

= (1 + e -^ib ±2 e 2TTb ±1 (x 1 -p 1 +p 2 )^ e 27Tb ±1 p 1 _ e 27r&±V ^ -f e 7 ™ 6 * 2 e 27rfc±1 ( - X1 ~ Pl +P2 ~> ) 

□ 

Kashaev's operator T serves as a quantum version of the mutation operator corresponding to 
a certain change of triangulation of a punctured surface (see |Klj and [GuL ); Proposition 15.31 
shows the action of T on the generators of the quantized algebra. We will see in the following 
proposition that our T 12 acts (by conjugation) on the same generators with p replaced by —p 
and x by —x — 2p exactly in the same way as Kashaev's T 12 . This suggests that our T can also 
be viewed as a quantum mutation operator. 

Proposition 5.4. // T 12 is understood as a mapping from L 2 (M. 2 , df3da) to L 2 (M 2 , dAdB) , 
then for <eR one has 

T l2 e l{ - p ^- pa) = e e{ - pB) T 12} 
Ti 2 e £( ~ /3 ~ 2p < 3) = e <(-^- 2 PA) e «(--B-2p B ) Ti2) 
T- 12e e(~pp) e i(-a~2 Po ,) _ e i(- PA ) e i(-B-2p B ) T ^^ 

T 12e 2Trb±1 (-P<3) = e ^ b±1 (-VA)(i + e Tnb ±2 e 2ivb ±1 ((-A-2p A )-(-p A )+(-p B y)^ T ^^ 

A^(-x - 2p)(A^)- 1 = (-p) - {-x - 2p), 
A (0) (-p)(A (0) )- 1 = -(-x-2p). 

Proof. The last two relations about A^ ) come immediately from ()4.52[) . and the fourth relation 
about Ti 2 can be obtained from Proposition l5.3l and Theorem l5.6l Recall that Ti 2 is realized as 
an integral transformation with distribution kernel T(f3,a, A, B) (see (|4.20[) for its definition). 
For brevity, T(J3, a, A, B) will be denoted by T. 

Note that Q{a + (3 + A - 2B) = Q(A + (a - B) + (f3 - B)), and that 

olA + f3B - ap - AB + a 2 /2 - B 2 /2 = A(a — B) + (a — B)((a — j3) + {B — (3))/2. 

Hence e ^ p f +Pa+PB ^T = T (above shows T depends only on A, (a~B),(a- (3), (B ~ (3)), so for 
all t € M we have 

(5.5) e ^(p/3+p Q ) T = e ~lPB T _ 

Note that G(a + (3 + A - 2B) = G(a + (f3- B) + (A- B)), and that 

aA + (3B ~ a{3 — AB + a 2 /2 - B 2 /2 = a(A - /3) + B{f3 - A) + a 2 /2 - B 2 /2, 
hence it's easy to see that e 2vm ^ +PA+PB ^T _ ^{h-a-b)^™ 2 /2 Tj for any m g R . using 
BCH formula, we get 

(5 e Trn(-P+2p l3 )rp _ e 7Tm(-A~2pA) e Trm(-B-2p B )rp 

Note that Q(a + (3 + A - 2B) = Q(a + ((3 + A) - 2B), and that 

aA + (3B — a(3 — AB + a 2 /2 - B 2 /2 = (a - B)A + (3(B - a) + a 2 /2 - B 2 /2, 
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hence it's easy to see for any met that 

(g 7) e 2nm(j>A—pp)>j' = g 7r ( m ( a_ - B ) _m (- B_a ))y — e 2nm(a—B)rp 

thus e e(pA - p ^T = e^ a ~ B )T, for any / eR. Since e 2 ^ + ^ +PB) T = T (by fg3]l). we can now 
deduce from (|5 . 7[) that 

e t(+Pfi+2p a +pA+2pB)j^ _ e £(PA-Pfi) ^(pp+Pc+Pb)^ _ e i(a-B)j} 

which (together with BCH formula) yields 

(5 8) e ^P/J e ^(-"+2p Q ) r = e l(-PA) e t(-B-2p B ) T _ 

By taking transposes of ()5.5|) . (|5.6j) . and f|5 . 8[) . we get the first three lines of the assertion of this 
proposition. (The fourth relation can also be proved similarly, with the help of the functional 
relations of G (12T2"U □ 



5.3. Family of projective representations of the Kashaev group. For any real number 
m, put 



(5.9) A (m) := C'Ae 



-2-iramp 



In particular, Kashaev's operator is A = A^ ). Using similar argument as in Proposition 14.211 
(which now relies on Proposition I5.3j) . we obtain the following result: 

Proposition 5.5. The operators T, A^" 1 ) satisfy 



r5im l A(m) J 3 = ^' T 23 T 12 = T 12Ti 3 T 23l 

( °- 1 A ( 2 m) T 21 A[ m) = A< m) Ti 2 A< m) , T 12 A< m) T 21 = C'^ A^ m) A( m) P (12) . 

□ 

Thus we have two families of representations of the central extension Gj of the Kashaev group: 
(T, AM) and (T, A^). In the next subsection we prove that these two families are equivalent. 

5.4. Equivalence of the two families (T,A( m >) and (T,A.( m )). Let U : L 2 (R,dx) -> 
L 2 (R, dy) and U^ 1 : L 2 (R, dy) — > L 2 (M, dx) be the unitary transformations given by 

(5.11) U : f(x) e-^+y^/ 2 f(x)dx, U' 1 : <p(y) h- -L f e M*+yf ! /\{ y )dy. 

V 2 Jm v 2 Js. 

It is easy to show that these two are indeed inverses to each other, and that 

(5.12) UpU- 1 = -p, UxU' 1 =-x- 2p, 

if U and U^ 1 are understood as acting on L 2 (M.,dx). Using U, we can consider the unitary 
transformation U from ®j^iHj (here I is an index set, as in Definition 15. 2p to itself such that 

(5.13) Upjtr 1 = -pj, UXjU' 1 = -Xj - 2pj 
for every j € I. We are now ready to prove the following theorem: 

Theorem 5.6. For any real number m, we have U _1 TU = T and U^A^U = A^ m \ i.e. 
the representations (T, A^" 1 )) and (T, A^™ 1 ') of the central extension Gi of the Kashaev group 
are equivalent via the unitary transformation U. 



QUANTUM TEICHMULLER SPACE FROM QUANTUM PLANE 



35 



Proof. It suffices to prove 

(5.14) U -1 TU = T, and U -1 A (0) U = A (0) , 

because from P~6l?j) . ([BTS]) , ([5TT2")) , and (15J4]) we can get 

U^A^U = [7 _1 (C m2 A^°^e 27ramp )C/ = C™ 2 A^°^e _27ramp = A^™) 
for any real number m. 
Recall (|5.2p for the definition of A. We now compute 



[/AC/" 1 : L 2 (R, da) L 2 (R, da;) L 2 (K, dy) L 2 (R, d/3) 

as follows: 

(UAU- 1 /)^) = / i e -' ri to + ' 3 ) 2 / 2 e 2 " ;Ey+ ' r ^ 2 ~ 7rl/12 e 7r ^ x+a ) 2 / 2 /(a)dadxd 2 / 



2 

g-TTl/12 



e ^(-^ 2 /2-3y 2 /2-^-2y Q )-^/12 /(a)dad2/ ( by g^gj for ^ 
_ i ^ i (2 Q 2 /3+2a^/3-0 2 /3) /(a)da (by g^gj for y) 

V3 j 

= C-^Ae- 2 ^/)^) = (AW /)(/?)• (by O, ») 

This proves U^A^'U = A = A<°). 
From (|5.13[) . we first note that 

(5.15) UT^U- 1 = e 2 " Pl ^ +2p2 ^ 6 (-a;i - 2 Pl + x 2 

Our aim is to realize (|5.15p as an integral transformation and to compute its distribution 
kernel. To do this, we introduce some transformations: U' : L 2 (R, dx) — > L 2 (R,dy), {U')^ 1 : 
L 2 (R,dy) L 2 (R,dx), given by 

U> : /(-,) _> f e ™ 2 ~ 2 ™ y f(x)dx, (UT 1 ■■ <p(v) * \ e-™ 2+2 ™y V (y)dy. 



Then it's easy to show that indeed above defined U' and (U 1 ) 1 are inverses to each other, and 
(5.16) U'ip + x)^')- 1 = x, U'xiU'y 1 = -p. 

The idea is to put the identity operators (U')~ 1 U > and UU^ 1 appropriately, and use (|5. 12|) and 
(|5.16j) . First, let's compute I(x 1 ,x 2 ) := *b(-a;i - 2pi + x 2 + p 2 )~ 1 f{x 1 , x 2 ), for / € W ® W: 

I(xi,x 2 ) = - 2pi + x 2 +p 2 y 1 f(xi,x 2 ) 

e -rv4+2mx aV3 ^_ Xi _ 2 p 1+ y 2 )-\ [ e™'?- 2 ™'^f{x u x' 2 )dx' 2 )dy 2 

JR 

-j= * b (yi + y 2 )- 1 U -j= (J^e™* ~ 2 ™ ^f(x[, x' 2 )dx' 2 )dx\ J d Vl 
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I{x x ,x 2 ) = ~e lx I G{y 1 +y 2 )cxp(*C 1 )f(x' 1 ,x' 2 )dy 1 dy 2 dx' 1 dx 2 , 



Recall * 6 (z) = G(-z)e^ z2+lx ; thus ^(z)- 1 = G(z)e~^ z2 ~ lx . So 
1 
2 

(*Ci)/(7rt) - -il + 2x 2 y 2 - ( yi + Xl f/2 - { yi + y 2 ) 2 /2 + ( Vl + x' 1 f/2 + x' 2 - 2x' 2 y 2 

= -Y 2 /2 + yi (x[ -xx- 2x 2 + 2x' 2 ) - 2Y{x' 2 - x 2 ) + {-x\/2 -x% + x[ 2 /2 + x' 2 2 ) 

for yi + y 2 = Y (change of variables: use Y instead of y 2 ). Hence, integration w.r.t. y\ yields 
the factor 2S(x' 1 — x\ — 2x 2 + 2x' 2 ). Now, use Fourier transform formula (|2.13[) : 

G{Y)e-^ Y \- 2mYw dY = e lx G(w - m)e^™ 2 e -™ w , 

for w = x' 2 — x 2 ] integration w.r.t. Y yields 

I(xx,x 2 ) = \ &{x'\ — x\ — 2x 2 + 2x' 2 )G(x' 2 — x 2 — ia)exY>{*C 3 )f{x' 1 ,x' 2 )dx' 1 dx l 2 X2 ) 
Jr 2 

(*C 3 )/M = {-x\/2 -x 2 2 + x[ 2 /2 + x'i) + {x' 2 /2 + x 2 2 /2 - x' 2 x 2 ) + ia(x' 2 - x 2 ). 

Now, integration w.r.t. x[ has the effect of replacing x' x by X\ + 2x 2 — 2x' 2 , because of the 
S(x[ — X\ — 2x 2 + 2x 2 ) factor: 

(5.17) I(xi,x 2 )— / G(x 2 — x 2 — ia) exp(*C4)f(xi + 2x 2 — 2x' 2 ,x' 2 )dx 2 X2 , 

Jr 

(*C±)/{Tri) = 3x 2 /2 + lx' 2 j2 + 2x\x 2 — 2x\x' 2 — 5x 2 x 2 + ia(x' 2 — x 2 ). 
By putting the identity operator XJXJ~ X appropriately and using (|5.12l) . we get 
UTuU- 1 /^,^) = e 2 ^ X2+2p2 h(x u x 2 ) 

e -~iri(w 2 +x 2 ) 2 /2 



V2 

-iri(w 2 +x 2 ) 2 /2 



-*i(w 2 +z 2 ) /2 
e 2^ Pl (- W2 ) I I( Xl ,Z 2 )dz 2 



dw 2 



e 



l(w2+z ^ 2/2 I( Xl -w 2l z 2 )dz 2 



dw 2 . 



(5-18) = \ 

Now, by putting (|BTT7|l into (|5A8)l . we get 

UTi2U _1 /(^i, x 2 ) = - I G(x' 2 - z 2 - ia)f(x x - w 2 + 2z 2 - 2x' 2 , x 2 ) exp(*C 5 )dx' 2 Z2 dz 2 dw 2l 

2 JR3 

(*Cz) / (iti) = +2z 2 + 7x 2 /2 + 2x\z 2 — 2{x\ — w 2 )x 2 — 5z 2 x 2 + ia(x 2 — z 2 ) — x^/2 — w 2 x 2 — w 2 z 2 . 
Do changes of variables z 2 t— > z — x' 2 — z 2 and w 2 n- W — x\ — w 2 — 2z: 

UT 12 U- 1 f(x u x 2 ) = ^ [ G(z-ia)f(W,x 2 )exp(*C 6 )dx 2 dWdz n0 , 

(*C 6 )/(7ri) = (Wx 2 + x' 2 xi - Wx 2 - x Y x 2 + x' 2 /2 ~ x\/2) + iaz + z(-W - x' 2 - X\ + 2x 2 ). 

It is easy to check by inspection that VT^IJ- 1 f{xi,x 2 ) = (T 12 f)(xi,x 2 ) (see ||02J), (RT2"0|) . 
and dH2U) for definition of Ti 2 ). Thus, U^TU = T. □ 

Remark 5.7. Recall A = A^ , A = A^, thus U^AU ^ A. Recall also that A^ 1 ) was 
special because m = — 1 makes Q 1 ^" 1 =1 in the relation (|4.70p . 27ms ; (T, A' 1 )) anrf (T, A' -1 )) 
are genuine representations (as opposed to projective ones) of the Kashaev group. The operator 
A^°\ which corresponds to the the Kashaev's operator, lies "in between" A^ and A*- -1 ). 
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One might wonder where the modified Hcisenberg pair (— p, —x—2p) (acting on the multiplicity 
modules M) come from. Consider the following elements of the fraction field of B ® B: 

Zi = i ® x + y- 1 <gi y, z 2 = (x- 1 <g> i + x^y ® r- 1 ^)- 1 , 

and also Z\ and Z2, obtained by replacing X, Y by X, Y in definition of Z\ and Z2, respectively. 
It's easy to check that all these four elements commute with AX and AY, and 

Z1Z2 — q 2 Z 2 Z\, Z\Zi = q 2 Z2Z\, Z\^ h = Z\, Z^ b = Z2, 

where the last two relations are as operators (represented via 7r® 2 ). 

By first letting these four elements act 011 H®H by tt <£> tt and then transferring these actions 
to M(g>H via the isomorphism H<E)H M<E)H,we find out that these elements act only on M 
(not onW), and the actions ofZ u Z 2 , Z u Z 2 are e 2 ^ , e ^K-<x-2 Pa ) ^ e ^b~^ Pa ; e 2^(- a -2 Va) ^ 
respectively. 

6. Finite-dimensional and universal quantum Teichmuller spaces 

6.1. Quantum Teichmuller spaces of Riemann surfaces. In general one can define a 
quantization of the Teichmuller space of genus g surfaces with s punctures and r boundary 
components with (81,82, ■■■ ,S r ) distinguished points |P4j . We'll consider first a simple example 
of a disk with n distinguished points on the boundary, which we'll view as an n-gon. 

Let the edges of the n-gon be enumerated counterclockwise from to n — 1, where i-th edge 
corresponds to the representation Hi = H. The special role of the 0-edge is accounted in the 
decoration of the n-gon with n — 2 dots near all vertices except the endpoints of the 0-edge. 
It is well known that various triangulations of n-gon are in one-to-one correspondence with 
various arrangements of brackets (i.e. parentheses) in the product Hi ®%2 ® • • ■ ® %n-i, where 
the role of dots is as in Figure [TJ Note that a choice of triangulation also uniquely determines 
the placement of each dot near every vertex in a particular triangle of the triangulation. For 
example, the decorated triangulation of a 6-gon as in Figure [7] corresponds to the following 




FIGURE 7. An example of a decorated triangulation of a 6-gon 
arrangement of brackets 

Hom(H , (Hi ® ((H 2 ® Hz) ® Ha)) ® H 5 ). 

By forgetting the brackets, we are now able to identify the quantum Teichmuller space of an 
n-gon directly with the space of intertwining operators 

(6.1) Hom(H a ,Hi®H 2 ®---®H n -i). 
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Clearly, we could consider a dual construction of the quantum Teichmullcr space of an n-gon 
identifying it with the space of intertwining operators 

(6.2) Hom{H n - 1 ®H n -2®---®'Hi,H ). 

The isomorphism of the two quantizations results from isomorphisms Hi = %[ for all i, and the 
isomorphisms of ii/om's with their duals. 

Combining two pictures together we obtain a quantization of an n-gon with a distinguished 
oriented diagonal rather than an edge. In this case the quantum Teichmullcr space becomes 

(6.3) Hom{H Sm (g> • • • <g> H Sl ,H ri ®--®H rk ), 

where k + m = n. As in Figure HI the distinguished diagonal divides the edges into two ordered 




Sm $1 

(— ) 




FIGURE 8. Quantization of an n-gon with a distinguished oriented diagonal 

sets and the orientation of the diagonal defines the order of edges within each of the two sets. 
Note that the decoration of the n-gon with the diagonal has n — 2 dots near all vertices except 
the endpoints of this diagonal. 

Constructions of quantum Teichmuller spaces for a more general bordered surface with punc- 
tures from the representation T-L of the quantum plane are similar |K1] [GuLj [CFj . We will now 
consider another important example: construction of the quantum universal Teichmuller space, 
which can be viewed as a certain limit of the quantum Teichmuller spaces of n-gons when n 
tends to infinity. 

6.2. Quantum universal Teichmuller space. Penner introduced in }P2] the "largest" ver- 
sion of the universal Teichmuller space Homeo+{S l )/Mdb(S 1 ) modeled on the group of ori- 
entation preserving homeomorphisms of the unit circle factored by the Mobius group; he also 
constructed a parametrization of this space using the Farey tessellation (which is a triangulation 
of the hyperbolic plane; see Figure |9|) with the distinguished oriented edge that connects the 
0- vertex to the oo-vertex. 

The vertices of the Farey tessellation are marked by the rational numbers including oo: Q = 
QU{oo}. The ideal triangles of the Farey tessellation are in a natural one-to-one correspondence 
with nonzero rational numbers: Q x = Q \ {0}. The correspondence is obtained by assigning to 
a triangle its "intermediate" vertex in the upper or lower semicircle. 

To construct the quantum universal Teichmuller space we consider the Farey tessellation as 
an inductive limit of n-gons, all containing the oriented edge from to oo. Suppose that a 
fixed n-gon has vertices at the points 0, oo, and ra, ra, . . . , rk € Q>o and S2, S3, . . . , s m € Q<o, 
k + m = n. We set n = 0, s\ = oo, and we'll also mark the edges by the same rational numbers 



QUANTUM TEICHMULLER SPACE FROM QUANTUM PLANE 39 



1 




1 



Figure 9. The Farey tessellation with distinguished oriented edge 



as their initial point with respect to the counterclockwise direction. Then the corresponding 
quantum Teichmuller space will be precisely (I6.3p . 



Thus formally quantum universal Teichmuller space can be identified with 

/ 

(6.4) Horn 



<S> H s: <S> %r 



where the product is taken in the increasing order of indices in Q>o and decreasing order of 
indices in — Q>J = Q<o U {oo}- By dualizing all Ws in the first product of (|6.4p we can obtain 
even more symmetric form of the quantum universal Teichmuller space, namely 

(6.5) Invl(g)Hr\, 

\rgQ / 

where the factors are ordered in the counterclockwise direction of the circle with the assumed 
cyclic symmetry. 



The most natural way to make sense of the infinite tensor product in ()6.5[) is to realize it as 
the space of functions on a real Hilbert space 

(6.6) H = ® r6 QRe r , (e r ,e s ) = 5 r<s , 

with respect to a Gaussian measure. For any finite set ri, . . . , r n € Q we have a finite dimen- 
sional orthogonal projection in H 

(6-7) P Pl ... Pn : H ^ H ri ... rn , 

where H ri ... rn = Re ri © • • • © Ke rn . Then for fixed t > one can define a Gaussian premeasure 
ju* on the cylinder sets in H by 

(6.8) p(x e H,P ri ... rn x £ F) = {2iTt)- n / 2 [ e-^^x, 

Jf 

where F is a Borel subset of H ri ,,, Tn . To construct an actual Gaussian measure /i* one needs 
to complete H to a Banach space B with respect to a measurable norm | • |, see jKu| . and 
extend pt* to cylinder sets in B. Then /i* is a-additive in the a-field generated by cylinder sets. 
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This completes our construction of the quantum universal Teichmiiller space. Note that it is 
invariant under the action of the modular group, which acts naturally on the basis of H. 

One can look for an intrinsic geometric realization of the space H related to the Farey tessella- 
tion that determines the coordinates of the classical Teichmiiller space. Penner in |P3j proposed 
wavelet bases for the space of all complex- valued functions defined on the unit circle 5* 1 . These 
wavelet bases are naturally indexed by the edges of the Farey tessellation, which are in one-to- 
one correspondence with Q\ {0, 1, oo}, and three more real coordinates that parametrize the Lie 
algebra of the Mobius group. This brings us very close back to more traditional quantizations 
of two "smaller" versions of the universal Teichmiiller spaces Diff + (S 1 )/Mdb(S 1 ) KiY] and 
QS+(S 1 ) /Mdb(S 1 ) |NS| . modeled on the groups of orientation preserving diffeomorphisms and 
quasi-symmetric homeomorphisms of the unit circle. 

Our construction, however, suggests one more (at this moment only heuristic) candidate for 
the quantum universal Teichmiiller space. It comes out from another remarkable appearance 
of the rational numbers as a natural index set in the classification of the projective modules for 
the quantum torus [Coj . which can be viewed as a unitary counterpart of the quantum plane. 
The projective modules £ r ,r £ Q, can be extended to bimodules over another quantum torus 
with 

(6.9) ^=e 2 "^, r=-, 

c 

where (" ^) £ PSL 2 (Z) is a representative of a coset in T ao \PSL 2 {Ij) = Q, and is the 
subgroup of upper triangular matrices. These bimodules give rise to a Morita equivalence of 
quantum tori for all q in (|6.9p [R] , [Co] . For r = we obtain the modular double as the one 
studied in our paper, for r — oo, £oo is the free module, i.e. the quantum torus algebra itself. 
The coincidence mentioned above leads to another version of the quantum universal Teichmiiller 
space in the unitary case, namely 

(6.10) Inv 

where the tensor product can be defined as in the case of the quantum plane though the unitarity 
is no longer preserved. Since £ oo is the quantum torus algebra itself (|6.10[) simplifies to just the 
tensor product of all projective, but not free, modules 

(6.11) <g) re Q£ r . 

Returning back to the quantum plane, we conjecture that the Morita equivalence for q as in 
(|6.9|) still holds, in an appropriate sense, and the tensor product of the corresponding bimodules 
as in (16. lip gives rise to another quantization of the universal Teichmiiller space. 
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